
Engineering Stable Pacemaking at Physiological rate in Virtual Ventricular

Myocytes

WC Tong, AV Holden

Institute of Membrane and Systems Biology, University of Leeds, Leeds, UK

Abstract

We evaluate the down-regulation of the time indepen-

dent inward rectifying current (IK1) and insertion of the

hyperpolarisation-activated funny current (If ) as meth-

ods to genetically engineer pacemaking in ventricular

cells. The membrane systems (i.e., ionic concentrations

clamped) of the Luo-Rudy dynamic cell model (LRd00) and

a human ventricular cell model (HVM) are analysed using

continuation algorithms with the maximum conductance

(ḡ) of IK1 and If as bifurcation parameters. Autorhyth-

micity can be induced in both virtual ventricular models,

either via Hopf or homoclinic bifurcations, by (1) reducing

ḡK1, (2) insertion of ḡf , or (3) a combination of both. In

the ḡf -ḡK1 parameter space of LRd00 membrane, unstable

pacemaking activities clustered along the Hopf bifurcation

boundary and with ḡK1 ≈ 0 mS µF−1. However, stable

pacemaking with physiological rates can be induced by a

combination of IK1 down-regulation and insertion of If .

1. Introduction

Ventricular cells are normally excitable and non-

autorhythmic. However, autorhythmic ventricular cells

have been genetically engineered experimentally. Miake

et. al. [1, 2] induced autorhythmicity in guinea pig ven-

tricular cells by the expression of Kir2.1AAA, a negative

dominant gene construct which produced non-functional

Kir2.1 channels and reduced IK1. Qu et. al. and Plotnikov

et. al. show that over expression of HCN2 isoforms in ca-

nine left atrium [3] and left bundle-branch [4] can drive

the heart rhythm upon vagal stimulation-induced sinus ar-

rest. These studies show that biological pacemakers can be

engineered in mammalian heart.

The change from excitability to autorhythmicity is a

qualitative change in system behaviour, i.e., a bifurcation.

Excitable neural cells can undergo a Hopf bifurcation (HB)

into autorhythmicity by a reduction in potassium conduc-

tance [5, 6]. Ventricular cells can become autorhythmic

through a HB with a constant depolarising current as the

bifurcation parameter [7]. A HB occurs when a stable equi-

librium lose its stability into small amplitude oscillations

with a defined frequency.

Down-regulation of ḡK1 in virtual mammalian ventric-

ular cells induced autorhythmicity via a homoclinic bifur-

cation [8, 9, 10], where oscillations occur suddenly with

an infinite period. The extremely low pacing rate due to

the homoclinic bifurcation is a generic property for vir-

tual mammalian ventricular cells and is clinically unde-

sirable for a functional pacemaker. Nevertheless, stable

autorhythmic action potentials occur away from the bi-

furcation point with greatly reduced ḡK1. A combina-

tion of IK1 down-regulation and insertion of If may pro-

vides more flexibility for engineering stable pacemaking in

mammalian ventricular hearts [11].

Here we apply continuation algorithms [12, 13] to bio-

physical detailed mammalian ventricular cell models, with

the maximum conductance (ḡ) of IK1 and If as bifurcation

parameters, to evaluate the proposed methods of geneti-

cally engineered pacemaking in ventricular cells and iden-

tify regions of stable pacemaking at physiological rates in

the ḡf -ḡK1 parameter space.

2. Methods

We considered the epicardial membrane systems of the

Luo-Rudy dynamic ventricular cell model (LRd00) [14]

and the human ventricular cell model (HVM) by ten Tuss-

cher et. al. [15], with clamped intra- and extra-cellular

ionic concentrations at the standard initial values. For a

single cell,

Cm

dV

dt
= −Iion , (1)

where V is the membrane potential (mV); Iion is the sum

of membrane currents through ion channels, pumps and

exchangers (µAcm−2); Cm is the membrane specific ca-

pacitance (µF cm−2).

Numerical solutions, equilibria and periodic states are

computed using the package XPPAUT and the AUTO li-

brary [12, 13], with the fourth-order Runge-Kutta integra-

tor and a fixed time-step of 0.002 ms. Periodic solutions

in HVM that cannot be reached via AUTO are integrated

numerically using forward Euler and a variable time step
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Figure 1. (a) V (t) of a standard LRd00 remains at

resting membrane potential (ḡK1 = 0.75 mS µF−1, ḡf =

0 mS µF−1). (b) Reduction of ḡK1 (ḡK1 = 0 mS µF−1, ḡf

= 0 mS µF−1), (c) insertion of ḡf (ḡK1 = 0.75 mS µF−1,

ḡf = 1.785 mS µF−1) and (d) a combination of both (ḡK1

= 0.03339 mS µF−1, ḡf = 0.513336 mS µF−1) can induce

pacemaker activities.

of 0.0005− 0.4 ms until an equilibrium or a periodic state

is reached. The oscillation periods are defined as the time

interval between successive maxima of V.

Down regulation of IK1 and insertion of If are mod-

elled via their maximum conductances. IK1 is a time

independent current that contributes to the maintenance

of the resting membrane potential. For LRd00, physi-

ological ḡK1 = 0.75 mS µF−1; for HVM, physiological

ḡK1 = 5.405 mS µF−1. If is a voltage-gated pacemak-

ing current not normally found in ventricular cells but it

can be inserted in LRd00 and HVM with physiological

ḡf = 0 mS µF−1. If is formulated as a Hodgkin-Huxley

type voltage-gated current with a single activation vari-

able and the equations are in [16]. It consists of a sodium

and a potassium components with a conductance ratio of

0.3833:0.6167. We assumed this ratio is independent of ḡf

and changes in ḡf does not affect the channel kinetics.

3. Results

Either down regulation of IK1 and insertion of If can

induced pacemaking in ventricular cells (Figure 1). Pace-

making activities induced by complete block of IK1 are

slow and have an elevated pacemaking potential. Inser-

tion of If induced faster pacemaking activities closer to

the normal resting membrane potential of ventricular cell.

A combination of both induced activities with intermediate

features.

The maximum and minimum V at different values of

ḡK1 and ḡf , and their corresponding pacemaking periods

are mapped onto the bifurcation diagram (Figure 2). Au-
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Figure 2. Bifurcation diagrams of the LRd00 membrane

system for (a) ḡK1 down-regulation and (b) ḡf insertion .

Upper panels show the membrane potential (V) at which

dV/dt = 0. Lower panels show the corresponding periods.

Stable (solid line) and unstable (dotted line) equilibria, sta-

ble (black solid circles) and unstable (grey empty circles)

periodic solutions, limit points (LP) and Hopf bifurcation

(HB) are tracked using AUTO. A homoclinic bifurcation

occur LP1 at ḡK1 ≈ 0.225 mS µF−1. A subcritical HB

is found at ḡf ≈ 0.25 mS µF−1 and a limit point at ḡf ≈

2.007 mS µF−1 (LP2, not shown). Physiological ḡK1 =

0.75 mS µF−1; ḡf = 0 mS µF−1.

torhythmicity can be induced either via Hopf or homo-

clinic bifurcations. In either case, (reducing ḡK1 or in-

creasing ḡf ) resting membrane potential depolarised as

the parameter moves away from the initial equilibrium

(ḡK1 = 0.75 mS µF−1 and ḡf = 0 mS µF−1). As ḡK1 ≈

0.225 mS µF−1 (≈ 70 % reduction), autorhythmic action

potentials emerge via infinitely large (> 10 s) periods, i.e.,

a homoclinic bifurcation (Figure 2, LP1). The rate in-

creases as ḡK1 decreases further (at ḡK1 = 0, period ≈

0.36 s). These are consistent with the experimental re-

sults [1, 2]. In contrast, autorhythmicity emerge via a

subcritical HB at ḡf ≈ 0.25 mS µF−1 into unstable small-

amplitude oscillations, i.e., stable equilibrium and unstable

periodic solutions coexist over a range of 0.23 < ḡf <
0.25 mS µF−1. Irregular pacemaking activities occured

HB < ḡf < 0.329 mS µF−1 and stable autorhythmic ac-

tion potentials occurred at ḡf > 0.329 mS µF−1, with pe-

riod ≈ 0.377 s. The period decreases as ḡf increases (at ḡf

= 1.785 mS µF−1, period ≈ 0.187 s).

For HVM, autorhythmicity are also induced either via

Hopf or homoclinic bifurcations (Figure 3). Autorhyth-

mic action potentials of large periods (> 10 s) emerge as

ḡK1 ≈ 0.27 mS µF−1 (≈ 92 % decrease in IK1 [10]). The

rate quickly increases as ḡK1 decreases further (at ḡK1 =

782
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Figure 3. Bifurcation diagrams of the HVM membrane

system for (a) ḡK1 down-regulation and (b) ḡf insertion.

Upper panels show the membrane potential (V) at which

dV/dt = 0. Lower panels show the corresponding periods.

Periodic solutions for ḡf insertion are computed with nu-

merical integration (diamonds) and the corresponding peri-

ods are defined as the time period between successive max-

ima of V. Stable (solid line) and unstable (dotted line) equi-

libria, stable (black solid circles) and unstable (grey empty

circles) periodic solutions, limit points (LP) and Hopf bi-

furcation (HB) are tracked using AUTO. A supercritical

HB is found at ḡf ≈ 1.17648 mS µF−1 and bistability oc-

curs over a range of 0.450 < ḡf < 1.19207 mS µF−1.

Physiological ḡK1 = 5.405 mS µF−1; ḡf = 0 mS µF−1.

0 mS µF−1, period ≈ 1.136 s) suggest a homoclinic bifur-

cation. Insertion of If induced pacemaking activities via

a supercritical HB at ḡf ≈ 1.17648 mS µF−1, with stable

small-amplitude oscillations (−63 < V < −49 mV, pe-

riod range from 0.148− 0.157 s), over a narrow range of

1.17648 < ḡf < 1.19207 mS µF−1. Numerical integra-

tion results show that stable autorhythmic action potentials

occur before the HB, at ḡf ≈ 0.450 mS µF−1 with period

≈ 0.620 s. The period decreases slowly as ḡf increases (at

ḡf = 1.785 mS µF−1, period≈ 0.438 s). Therefore, two bi-

stability regions exist: (I) between a stable equilibrium and

a stable oscillatory state within 0.450 mS µF−1 < ḡf <
HB, and (II) between two stable oscillatory states of dif-

ferent amplitude within HB < ḡf < 1.19207 mS µF−1.

These are confirmed by numerical integration starting with

different initial conditions.

Pacemaking activities induced by combining both meth-

ods show different pacemaking rates and stability in the

ḡf -ḡK1 parameter space of LRd00 membrane (Figure 4).

Majority of the slow (i.e., with large periods) and unsta-

ble pacemaking activities are along the HB boundary and

with ḡK1 ≈ 0 mS µF−1, and stable pacemaking activities

at physiological ranges (0.158− 0.260 s for guinea-pig)

can be induced away from these unstable regions.

4. Discussion and conclusions

Continuation algorithms applied in the multi-parameter

bifurcation spaces of virtual cardiac tissues offer a tool for

engineering the dynamical behaviours of the heart. Au-

torhythmicity can be induced in virtual mammalian ven-

tricular cells, either via a Hopf bifurcation or a homoclinic

bifurcation, by (1) reducing ḡK1, (2) insertion of ḡf , or

(3) a combination of both. In the parameter space of ḡK1

and ḡf , unstable oscillatory states clustered along the Hopf

bifurcation boundary, or with ḡK1 ≈ 0 mS µF−1. How-

ever, a range of stable physiological oscillation periods

from 0.2 − 0.4 ms can be induced by a combination of IK1

down-regulation and insertion of If .

We have considered an idealised and simplified situation

where ionic concentrations are kept constant. However,

numerical integration of the full systems with either IK1

down-regulation or If insertion alone showed pacemaking

may be transient particularly near the bifurcation points,

due to the accumulation of [Na+]i and [Ca2+]i (results not

shown). Complex behaviour including bursting and termi-

nation of pacing are observed and are further investigated

with human models elsewhere [10, 17].

Changes in a single conductance designed to induce

pacemaking may disturb the balance of intracellular ionic

concentrations. Changing two conductances to genetically

engineer pacemaking in ventricular cells may be benefi-

cial in maintaining cell homeostasis during autorhythmic-

ity. Isolated cells are integrated systems, and changes in

a single conductance designed to produce pacemaking re-

quire compensatory changes in other ion transport and se-

questration processes to maintain cell homeostasis.
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0.75 mS µF−1 (dotted line). LP1 and LP2 are connected

by a fold (dashed line). A cusp point is found at a non-

physical value (not shown). The HB (solid line) separates

OS (shaded area) and the steady states (SS). Below ḡf ≈
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