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Abstract— Biomedical signal recordings present different kinds
of interference and several noise cancelling methods havesén
proposed. In this paper we present a bayesian approach forgnal
denoising. The maximum likelihood solution of this problemis the
observations, which is not useful at all. To obtain a meaninfll
solution we introduce constraints in our problem. We choose
the desired signal to belong to the class of smooth signalsh&
introduction of constraints lead us to a bayesian formalismof
the problem. Often the use of priors introduce hyperpriors in
the problem. To infer the parameters and the hyperparametes
of the problem the variational bayesian methodology is used
Our method is compared with one widely used method for
signal denoising, the spectral substraction. The compari is
made in terms of signal enhancement, noise reduction and sigl
distortion and the results have shown that our method perfoms
better in noisy environment. Another advantage of our metha
is that no tunable parameters are used, since it is data drive
which means that the method is fully automated.
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signal subspace - based techniques [6]-[8].

Many of the algorithms proposed to estimate the desired
signal formulate the problem as maximum likelihood (ML)
estimation problem [9]. However, this approach has one seri
ous drawback, it is sensitive to overfitting. This can be dedi
using a bayesian approach, where the priors over the signal
and/or the coupling systems will act as regularizers. Bayes
estimation is a framework for the formulation of statistica
inference problems. The bayesian philosophy is based on
the combination of the evidence contained in the data with
prior knowledge. To calculate the evidence one just mudtipl
the model likelihood by the priors and then intergrate the
parameters. In some cases this integral can be computed
analytically, but when the evidence integral is analytical
intractable one has to resort to approximation techniquek s
as the Variational Bayesian (VB) Methodology, the Markov
Chain Monte Carlo (MCMC) methods and the Laplace Ap-

Signal Enhancement (SE) attempts to improve one or mgreximation [10]. However, in the Laplace approximatioe th
perceptual aspects when the signal is corrupted by noige (€&aussian assumption is based on the existence of a large

overall quality, intelligibility of human or machine recog-

number of data, and the posterior will be presented poorly

ers). The improvement is related to the minimization of thi®r a small dataset, besides that we need many operations
effects of the noise on a processing system performance [tb].compute the derivatives of the Hessian. Similarly, in the
The Signal Enhancement problem consists of a family MCMC methods the number of samples required for accurate
problems characterized by the type of noise, the way theenoestimates must be large. In addition, the lack of the acbépta
interacts with the signal and the number of channels aJailalyglobal measure indicating if the Markov chain has reached

for enhancement.

equilibrium is a problem. In contrast, the VB methodology

The Signal Enhancement problem has been attracted mighan efficient computational method because gives closed
attention in the last two decades. The SE algorithms céorm solutions and a universally accepted criterion to dtegp
be classified according to the signal model as parametric pocess, which is the convergence of the variational bound.
non parametric and according to the number of channels asn this work we present a bayesian formulation of signal
multichannel or single channel. In the parametric techesgudenoising in the presence of white gaussian noise. Given the
the signal is modeled using a stochastic autoregressivg (Adbservations we can obtain the desired signal. We intratluce
model embedded in Gaussian noise. Signal Enhancemenpriers, which however make the problem intractable. To over
related to the estimation of AR parameters applying a Wieneome it and obtain an approximate solution the Variational
[2] or a Kalman filter [3], [4] to the noisy signal. Non-Bayesian (VB) formalism is used. In this case the priors Whic
parametric techniques do not estimate the signal parametepend on parameters such as mean and variance are either
and require a noise fingerprint in a transform domain (DFT assumed known or can be determined as part of the inference
KLT domain), which is used during signal-and-noise periogsoblem [11]. This finally leads us to an hierarchical model
to obtain an estimate of the clean signal. Well known norfirom which an estimation for the signal and the parameters ca
parametric techniques include spectral substraction ] abe derived. Our approach is evaluated using ECG recordings,



where artificial noise is added, and the results are compared |ll. VARIATIONAL BAYESIAN METHODOLOGY

with a widely applied methodology for signal denoisingngsi  consider the problem of evaluating the marginal likelihood
well accepted measures.
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where § = {6;} denotes the set of all the parameters and
hidden variables in the model ang are the observations.
aSometimes such integrations are analytically intractatdei-
ational methods involve the introduction of a distributig(f)
y(k) = s(k) +n(k), (1)  which provides an approximation to the true likelihood. The
true marginal log-likelihood, then, can be bounded as:

Il. METHODOLOGY

We consider a signak(k) corrupted by additive white
gaussian noisei(k). The noisy signal can be expressed
follows:

wherek is the index sample and=1,--- , N with N being

the number of samples. The above equation can be written in nply) = m/p(% 0)do (10)
vector notation as: ‘ {
0)
y =s+n, ) _ m/ 0w 1
N0 an
wherey = [y(1),---,y(N)]. The signals is independent of p(y,0)
the noise and stationary. The problem is to estimate theakign = /Q(9) In ) do (12)
s. The ML approach in this problem is meaningless because - F(qg) (13)

the ML estimator is the observations. So the problem is ill

posed. To overcome this difficulty one has to regularize th@ Eq. (12) we have applied Jensen’s inequality. The functio
original problem. Typically, regularization means thednuc- £'(¢) forms a lower bound on the true marginal likelihood.
tion of a constraint in the original problem. The constraint The quantity F'(¢) is tractable through a suitable choise to
chosen ad hoc or it is based on some a priori information of tHee g-distribution, even though the true log-likelihood is not.
guantities to be estimated. We choose to introduce smosghn&he difference between the true log-likelihobdb(y) and the
prior over the signak [11]. However, the use of smoothnes§oundF'(g) is the Kullback - Leibler (KL) divergence between
prior introduce a new parametex, in our model. To deal the approximating distributiory(¢) and the true posterior
with this parameter we introduce a hyperprior over it. The(d]y)

prior over the signas is: KL(qllp) = — /q(e) In p{gfg) de. (14)
N
p(s|a) ~ (2&) : exp{ - %STLTLS}, (3) The goal in a variational approach is to choose a suitable
s

form of ¢(6) so the lower bound can be evaluated. In general,

The matrixL is a discrete approximation of th&" derivative We choose a family of-distributions and we seek the best
operator. In this case we use the second difference matrix.aPproximation within this family by maximizing the lower

our problem we assume Wh|te gaussian noise’ |e bound. Since the true |Og'|ike|ih00d iS independent]dhis
is equivalent to the minimization of KL divergence. The
AN A p KL divergence between the two distributieii?) and p(6]y)
p(nfA) = (2_) eXp{ bk n}' ) is minimized wheng(9) = p(fly) and thus the optimal

hseolution forq(@) is the true posterior. This solution does not
simplify the problem, so to make progress we consider a more
restricted range of-distribution. One approach is to consider
a parametric form fog(#) such thaty(6, ¢), governed by a set
p(a) = T(a; ba, ca), (5) of parametersy [13]. We then minimize the KL divergence
with respect tog, finding the best approximation within this

where ) is the precision of the noise (inverse variance). T
two parametersy and ), introduced into the problem follow
gamma distribution:

p(A) =T(Xbx, e2), 6) family. An alternative approach is to restrict the functbn
where form of ¢(#) by assuming that it factorizes over the component
1 go-1 T variables{6;} in 6 [10]:
I(z;b,c) = o) eXP(—E)- (7)

a(6) = [T a:(6:)- (15)

The choice of this distribution is based on the fact the Ndrma ‘

and Gamma distributions are conjugates [12]. Now we need¥inimizing the KL divergence over all the factorial distuib

estimate the signal and the parameters and \. The signal tionsg;(¢;), we have the following result:

s is uncorrelated to the noise, and hence to the parameter

so the overall prior can be expressed as: P 6i(0s) oc exp < Inp(y, 0) >xi, (16)
where < - >,»; denotes expectation with respect to the

p(s,a, ) = p(s | a)p(a)p(A). (8) distributions ¢y (A;) for all k # i. Incorporating the prior



knowledge for the parametéy, p(6;), we have:

qi(0;) x exp < Inp(y,0) >r2i p(6;).

As a result the estimated posterior is proportional to the
expected likelihood over all parameters except from patame
6; multiplied by the prior of parametek,. In our problem the

(17)

parameter® is the signak and the parameters and \.

Now to apply the VB methodology in our problem we ap-
proximate the posterior distribution with the factorizezhdity

q(s,a, A y) =q(s |y, a)q(a | y)g(A | y).

Maximizing F'(¢) with respect tog(s | y,«), ¢(« | y) and
q(A\ | y) the following solutions are obtained. The posterior

(18)

we have:
1
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over the signals is a Normal distribution with mean andThe estimated signal can be obtained by inverse transfamat
covarianceN (§, Cy):

The posterior over parametaris a Gamma distribution with

parameters:

Finally the posterior over parametelis a Gamma distribution
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of the quantityS(i),i = 1,---, N. The learning algorithm
consists of the equations (27)-(34). These equations @iedp
iteratively until the convergence of the lower bourt(q)

or the convergence of the parameters. The computational
complexity of this algorithm is low. To obtain an estimate
of the signals we need to estimate only two parametets,
and\. This is a very strong feature of the proposed algorithm
compared to other algorithms proposed in the literaturéchvh
need the estimation of a stationary covariance matrix sgch a
the algorithms based on the subspace approach [6]-[8].

IV. RESULTS

To evaluate our approach we have used two recordings
(100 and 222) from the BIH/MIT Arrhythmia database [15].
The noisy signal was created using Eq.(2) for SNR values 0,
5, 10, 15, 20 dB. The algorithm was applied to frames of
the noisy signal which are overlapped by 25%. The analysis
window was a rectangular window and the length of each
frame wasN = 1024. We compare our method with the
spectral substraction method [16]. The compromise between
signal distortion and the level of residual noise is a well
known problem. To quantify this trade-off we introduce two
objective measures. The first measure is the signal distorti
index which measures the degree of signal deformation. The
other measure is the noise reduction factor which quantifies
the amount of noise being attenuated. The signal distortion
(SD) index is defined (in dB) as:

oo [s(m) = 3
Yo ly(n) = s(n)]?

The SD index compares the energy of the difference between

To reduce the complexity of the algorithm the above equatiothe true and the estimated sign&ln), with the energy of the
can be written in the Discrete Fourier Domain using the faobise. WhenSD — —oo the estimation of the signal is perfect
of the asymptotic equivalence of the eigenvalues betweenasfd whenSD = 0 the estimated signal is the same with the
Toeplitz and circulant matrices [14]. So in the DFT domainoisy signal.



The noise reduction is defined (in dB) as:

N-1 2
NR = 101ogy, Samo ) =3 o0
Y=o y(n) = 3(n)]?

The NR index compares the energy of true noise to the
energy of the estimated noise. Whé&hR — oo there is no
noise reduction and whelVR = 0 the noise has been fully
removed.

Finally, we introduce the total output SNR measure, defined
as:

4~ Proposed Method
—* Spectral Substraction

N-1 2 (a) Output SNR Measure
a0 S (g . | ‘ ‘

0o ls(n) — 3(n))? | R ———

When SN Rtot — oo we have complete reconstruction of the

signal. In the above equationgy) is the estimated signal and

N the number of samples.

The objective measures for various SNR levels for the two
selected recordings are shown in Figs. 1 and 2. We can observe
that the results of our approach are better than spectral sub
straction. In general, our approach produces an estimdteeof t e
signal with less signal distortion and higher noise redurti

However, the quality of an estimate of biomedical signal
can not be based only in quantitative results. For example,
the quality of denoising for ECG recordings depends on the
ability to accurately obtain waveforms of the recordingtsas
P wave, QRS complex and T wave, which are usually hidden
by noise. We illustrate it in Fig.3, which shows a segment of
recording 222 with SNR=0dB, and two estimates obtained by
the proposed approach and spectral substraction, resggcti
We have shown the results to experienced cardiologists and
they agreed that the P wave, QRS complex and T wave are
more obvious in the estimate produced by our approach, and
the signal itself is less distorted.

SN Rtot = 10log;,

(b) Signal Distortion Measure

4~ Proposed Method
—+ Spectral Substraction

pectral St

V. CONCLUSIONS

In this work we have presented a method for signal denois- (c) Noise Reduction Measure

ing when the noise is white gaussian. The problem is formu- _ o , _ ,
Fig. 1. Signal Distortion, Noise Reduction and output SNEeies for

lated in a bayesian framework and the variational bayeSiﬁelﬂord 100. The x-axis represents the level of SNR inputenaisl the y-axis
methodology has been used for its solution, choosing the values of the measures
smoothness prior. Comparing our method with the sell known
spectral substraction better results are obtained in tefrsig-
nal enhancement, signal distortion and noise reductioemwh ACKNOWLEDGMENTS
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[17], is its simplicity. Our method needs to estimate onlp twFund.
parameters, the precision of the noise and an hyperparamete
for the signal. Furthermore, it doesn’t need a noise fingetpr
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