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Statistical Properties of X-Ray Phase-Contrast Tomography

Cheng-Ying Chou and Mark A. Anastasio

Abstract— Quantitative in-line X-ray phase-contrast tomog-
raphy methods seek to reconstruct separate images that depict
an object’s absorption and real-valued refractive index distri-
butions. They hold great promise for biomedical applications
due to their ability to distinguish soft tissue structures based
on their complex X-ray refractive index values. In this work,
we investigate the second-order statistical properties of images
in phase-contrast tomography and describe how they are
distinct from those associated with conventional absorption-
based tomography.

I. INTRODUCTION

In-line phase-contrast tomography methods [1]-[5] have
been developed that produce estimates of the three-
dimensional (3D) complex-valued refractive index distribu-
tion of an object. Because of its advantages over conventional
radiography, X-ray phase-contrast imaging methods [6], [7]
are being actively developed for biomedical imaging appli-
cations [8]-[10].

Phase-contrast tomography can be interpreted as a two
step process. Quantitative in-line phase-contrast imaging
methods, operating in planar-mode at a given tomographic
view angle, can reconstruct separate images that depict the
object’s projected absorption and real-valued refractive index
distributions, which reflect two distinct and complementary
intrinsic object properties. These images can be determined
by use of Fourier-based reconstruction formulas [11], [12].
Subsequently, these planar images computed at a collection
of view angles are interpreted as tomographic projections
from which estimates of the 3D absorption and refractive
index distributions are reconstructed.

The statistical properties of conventional X-ray computed
tomography (CT) have been systematically explored [13]—
[15] in previous studies. However, the reconstructed images
in phase-contrast tomography remain largely unexplored. An
understanding of the second-order statistical properties of
the reconstructed images is important for optimizing system
and algorithm designs using task-based measures of image
quality [16]. In this work, the covariance of the images
reconstructed in phase-contrast tomography are investigated.

II. IMAGING MODEL

We consider the canonical in-line measurement geometry
shown in Fig. 1. A rotated Cartesian coordinate system
7= (x,yr,2,) is related to a reference system ¥ = (x,y,z)
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Fig. 1. The measurement geometry of in-line X-ray phase-contrast imaging.

as y, = ycos0 4 zsin0 and z, = zcosf — ysin6, where
0 denotes the tomographic view angle that is measured
from the positive y-axis. The axis of tomographic scanning
corresponds to the x-axis. A time-harmonic scalar plane-
wave U; with wavelength A, or wavenumber k = 2/1—” prop-
agates along the positive z.-axis and irradiates an object.
The object is characterized by its complex-valued refractive
index distribution n(¥) =1 — 6(¥) + jB(7), where 6(7) and
B(7) describe the refractive and absorption properties of the
object. The intensity of the transmitted wavefield is recorded
on two or more parallel detector planes of constant-z,, which
are spanned by the detector coordinates (x,y,). Tomographic
scanning is performed by simultaneously rotating the plane-
wave source and detector about the x-axis. The tomographic
view angle 6 will be suppressed in the equations below.

On the contact plane behind the object, the transmitted
wavefield is given by

Ut(xvyraz) :exp[iA(xvyr)+j¢(x7yr)]Uiv (D

where A(x,y,) and ¢(x,y,) define the object’s projected X-
ray attenuation and refractive, i.e., phase, properties as:

Ax,y,) =k / dz B(7), @

and

0 (x,y,) = —k / dz 8(7). 3)

The quantities A(x,y,) and ¢(x,y,), computationally deter-
mined at a collection of view angles, can be interpreted as the
raw projection data corresponding to the 3D quantities ()
and O (7). To determine A(x,y,) and ¢ (x,y,) for an arbitrary
object, measurements of the transmitted wavefield intensity
on two distinct detector planes are generally required. This
task is known as phase retrieval.
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III. STATISTICAL PROPERTIES OF
RECONSTRUCTED IMAGES

Let I,(x,y,) denote the wavefield intensity recorded on
the detector plane z = z,,, and let Zn(u,vr) denote its two-
dimensional (2D) Fourier transform with respect to x and y,.
Here (u,v,) denote the spatial frequency components that are
conjugate to the detector coordinates (x,y,). Similarly, we
let A(u,v,) and ¢ (u,v,) denote the 2D Fourier transforms of

Asyr) and (x,yy).
A. Planar images

In near Fresnel zone, the Fourier components of the
estimated attenuation and phase functions have second-order
statistical properties that behave as

Cov[ (u, vr,B),X(u’,v’,,O)]

It can be verified that the covariance of the reconstructed
estimate of J(x,y,z) can be computed as

Cov[8(7),8(F)] =

b oo , .
/ d(—)/ dvr|vr|ej27r[ux+v,(ycos9+zsm9)]
0 —o
X/ dv/r‘V;|efj2n[u’x/+v;.(y’cos9+z’sinG’)]

x Cov [Eﬁ(u,vr,e),fﬁ(u’,v’,,e)} . ®)

A similar expression can be derived for the covariance of
the reconstructed estimate of B(x,y,z), which involves the

quantity Cov [X(u,v,, 9),X(u’,v’,,0)].

IV. NUMERICAL RESULTS

Computer simulation studies were conducted to investigate

Cov[ (u,vr32m) I (! V3 2)] + COVIIs (1, vr3 20) Iy (! V. z,,)]  the second-order statistical properties of in-line X-ray phase-

(zm — Zn)
4)

and

Cov [a(u,vr, 0),0(u v, 0)}

» contrast imaging. A monochromatic X-ray plane-wave with
wavelength A = 0.8265 x 107'% m was assumed to propagate
along the positive z, direction and irradiate an object. A
numerical phantom comprised of 2 uniform ellipsoids was
employed to represent the object’s complex-valued refrac-

Cov[ (1, V13 Zm) I, (' Veizm)] +Cov[ (1, v1320), I, (u/,V.;z,)] tive index distribution n(7). From knowledge of the object,

A2 (zm — 20) 21212
_ &)
where I(u,v,;z,) denotes the Fourier transform of
Is(xvyr;Zm)’ Is(xa)’r;zm) = Im(xvyr) -1, f2 =u? +V%, f/z =

u'? +v’,2, and m # n. From knowledge of these second-order
statistics, the covariance of the reconstructed tomographic
images can be determined as described next.

B. Tomographic images

Estimates of fB(x,y,z) and &(x,y,z) can be determined
by use of the parallel-beam filtered backprojection (FBP)
algorithm as

T
7):/0 do 9*2—1 | / [sm(nlz,nf) s (14, Vr3Zm)

_Sln(ﬂlznf ) (u Vr,Zn)} } ¥ :ycos@%»zsin@7 ©
/ de ﬁz l /| {cos(ﬂsznf Vg (1, vy 2m)
—cos(nlsz ) o (u, vr,zn)} } pr—ycos 04250’ @)

where 7, ! = [[. dudv,exp(j2r(ux + v,y,)) is the two-
dimensional (2D) inverse Fourier transform operator, and
Dyyp = 28in[TA f2 (200 — 20)]

» the transmitted wavefield and the subsequent intensity data
were determined on two distinct detector planes behind the
object. Noisy version of the intensity data were computed
by generating realizations of uncorrelated Gaussian random
processes with the variance 62 = 10%. Tomographic data
were formed by repeating the computation at 180 evenly
spaced view angles 0 over the interval [0,180°).

Subfigures (a) and (b) of Fig. 2 display the covariance
estimates of the projected phase and projected absorption
images. As predicted in (4) and (5), the pole at zero fre-
quency of the Fourier covariance properties for the phase
estimates results in very different covariance properties than
that of absorption estimates. The second-order statistical
properties of the reconstructed estimates of fB(7) and 6(7)
were computed by use of (8) and are displayed in Fig.
2 (c) and (d). The degree of the noise correlation in the
tomographic phase images is reduced, due to the mitigation
of the zero-frequency pole by the ramp filter in the parallel-
beam FBP algorithm.

V. SUMMARY

In this work, we investigated the statistical properties of
the reconstructed images in X-ray phase-contrast tomog-
raphy. Specifically, we derived analytical expressions for
the covariance of the reconstructed 3D absorption [ ()]
and real- valued refractive index [8(7)] distributions. Our
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Fig. 2. The covariance maps (a) Cov{¢(x,y,),9(0,0)}, (b)
CoviA(.1),A0.0)), (@  Cov[8(0.%,2),6(0,0.0)}, and (@)

Cov{B(0,y,z),4(0,0,0)}

results reveal that the reconstructed estimate of §(7) contains
significant image correlations that are not present in the
reconstructed estimate of B(7) or a conventional CT image.
The effect of these image correlations on signal detectability
remains an interesting and important topic for future re-
search.
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