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Abstract

In contrast to the muscle recruitment during volun-
tary walking, only a limited number of muscles are ac-
tivated during functional electrical stimulation (FES)-
based walking. This implies that a trajectory designed
or recorded from the normal human walking data may
not be the best choice for tracking control. Another ma-
jor challenge during FES-based walking is the rapid
onset of muscle fatigue. Two methods to reduce fatigue
during FES-based walking are employing an orthosis
and minimizing muscle activations. To deal with these
aforementioned challenges, this paper presents firstly a
dynamic model representing FES-elicited walking con-
strained by an orthosis and a walker. Secondly, this pa-
per deals with the design of optimal stimulation and
force profiles (instead of gait-trajectories from able-
bodied humans) that minimize muscle activations via
FES and arm reaction forces from the walker. Ten walk-
ing steps are simulated to show the feasibility of the
walking model and optimization algorithm.

1. Introduction

Functional electrical stimulation can be applied via
surface, percutaneous or fully implanted electrodes to
the lower extremity muscles/peroneal nerve to produce
muscle contractions (i.e., hip/knee flexion and exten-
sion) that restore standing/walking in persons with gait
disorders [1–6]. FES-based walking not only improves
the quality of life of persons with paraplegia but is
also associated with therapeutic benefits (e.g., increased
muscle strength, reduction in muscle spasticity etc.) [7].
Although FES seems a promising technology many fun-
damental challenges need to be tackled before it gains
acceptance as a regular rehabilitation technology. One
crucial technical challenge is rapid onset of muscle fa-
tigue.

Among the very few methods to deal with muscle
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fatigue during FES-based walking rehabilitation are: 1)
utilization of an orthosis that can support body weight
during standing/walking and 2) reducing intensity and
duration of FES as excessive stimulation leads to rapid
onset of muscle fatigue. Various prototypes of or-
thoses have been developed and combined with FES
(see [2, 4, 5] and references therein) such as reciprocal
gait orthosis (RGO) [8], controlled-brake orthosis [2],
hybrid neuroprosthesis [4], joint couple orthosis [5], to
name but a few. An advantage of an orthosis is that
it drastically reduces the physiological effort required
from the user’s upper body by restraining the knees
to avoid collapse during standing and stance phase of
walking and also provides kinematic constraints. This
also prevents continuous stimulation of quadriceps dur-
ing standing and stance phase of walking as the weight
of the body is supported by the orthosis, thus, reduc-
ing metabolic energy expenditure in the upper body and
avoiding fatigue in quadriceps muscle due to FES.

FES is primarily used to excite lower extremity
muscles or peroneal nerve during the swing phase of
walking. Forward propulsion is obtained from the arm
reaction forces generated by the user’s arm acting on the
walker. To reduce fatigue during this walking phase op-
timal stimulation and force profiles can be designed that
minimize FES and arm reaction from the walker. This
problem has been addressed to some extent in [3, 9, 10]
but the main issue with these techniques is that they
employ or design normal walking trajectories (repre-
sentative of able-bodied persons) as a reference signal
to elicit movements via FES. However, in [6] the opti-
mal trajectories are designed using walking data from
persons with paraplegia but the focus was only to min-
imize hand reaction force not the FES. Walking trajec-
tories in able-bodied humans are generated through the
activation of healthy muscles which in the case of per-
sons with mobility disorders may have been atrophied
or possess limited strength. Also, FES can only activate
a limited number of muscles; normal walking volun-
tarily recruits more muscles. Due to these aforemen-
tioned reasons, tracking a normal walking gait may not
be feasible or can be energetically costly in rehabilita-
tion of walking. Therefore, new walking trajectories
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that minimize fatigue due to FES and metabolic energy
consumption need to be developed.

The objective of this paper is to design new optimal
walking trajectories (without utilizing normal gait data)
that reduce muscle fatigue and minimize metabolic en-
ergy consumption during FES-based walking. Towards
this end, a human walking model that accounts for a
limited number of muscle activations via FES, a knee
ankle foot orthosis (KAFO) system, and a walker is de-
veloped. The model incorporates the locking and un-
locking features of a modified KAFO system called
Sensor Walk, manufactured by Otto Bock Minneapo-
lis, USA. The KAFO system locks the knee joint dur-
ing the stance phase to support the user’s weight and
unlocks the knee joint during the swing phase of the
walking. Features like preventing hip flexion during
the swing phase and unlocking during stance-to-swing
transition phase, even when the brace is bearing user’s
weight, provide stability and reduced load on the user’s
arm muscles. The locking and unlocking of the brace
on each leg is independent and is controlled through
switches in the user’s hands. This avoids a stiff-leg gait
as observed in a RGO. The model also includes mus-
cle dynamics required to simulate hip and knee torques
evoked through FES during the swing phase. Optimiza-
tion toolbox-fmincon in MATLAB was utilized to solve
constrained nonlinear minimization problem and thus,
find optimal stimulation and force profiles to produce
walking. Algebraic impact equations were also derived
to obtain a transition rule for succeeding steps. In total
ten walking steps were simulated to show the feasibility
of the developed model and the optimization method.

2. Three-link brace walking and impact
model

In this section, a dynamic walking model is devel-
oped to represent walking using a KAFO, FES, and a
walker. For model development the following assump-
tions and properties of the components in the FES-based
walking system were used. The trunk of the user was
stabilized by the walker and its dynamics was neglected
in the model. The required propulsion to step forward
is obtained by the user by pulling against the walker
and this reaction force acts at the hip of the user. The
upper body (i.e., head, arm and trunk (HAT)) is consid-
ered as a point mass. The model walks on point feet
as the KAFO provides a rigid link at the foot which
allows limited rotation around the ankle joint. The
KAFO provides kinematic constraints as well as bears
user’s weight during standing and walking. The walk-
ing movement is considered only in the sagittal plane.
Also, the KAFO system locks the knee joint just before

the stance phase (i.e., when the swing leg is about to hit
the ground) and remains locked during the stance phase.
The knee joint is unlocked during the swing phase of the
walking. Each leg has its own KAFO and the two braces
work independently. The hip and knee muscles can be
stimulated using electrodes (surface or percutaneous) to
produce hip/knee flexion and extension.

Figure 1. A three-link model representing walk-
ing with brace and the walker.

2.1. Stance and swing phase

Since the brace locks the knee joint during the
stance phase, the stance leg is considered as a single
segment rotating about a fixed point F on the floor as
shown in Fig. 1. The swing phase generated through
FES is considered as a two link segment with joints at
knee (point K) and hip (Point H). The angle which the
leg in stance phase makes with the vertical is denoted as
q1 ∈ R as shown in the Fig. 1. The thigh angle and the
shank angle of the leg in the swing phase are denoted as
q2 ∈R and q3 ∈R, respectively (see Fig. 1). A Newton-
Euler approach is used to derive the following dynamic
equation:

IΘ̈ =C+G+T, (1)

where I ∈ R3×3 is the inertia matrix and Θ̈ contains an-
gular accelerations of stance segment (locked thigh and
shank segment), thigh segment, and shank segment, re-
spectively, C ∈ R3 contains coriolis terms, G ∈ R3 con-
tains gravitational components. The elements in I, G, C
are defined in the Appendix. In (1), T ∈ R3 is a joint
torque vector defined as

T = [ Mw +Mh Mh −Mk Mk ]T , (2)

where Mw ∈ R is a moment generated by the arm re-
action force Fw about the fixed point F and is defined
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as
Mw = Fwl,

where l is the total length of the locked segment. In (2),
Mh and Mk ∈ R are the torques acting at the hip joint
and knee joint, respectively and are modeled as [3]

Mh = Mh f −Mhe −Mhr,
Mk = Mke −Mk f −Mkr,

where Mh f ,Mhe ∈ R are the active hip flexion and hip
extension torques, respectively, Mk f ,Mke ∈ R are the
active knee flexion and knee extension torques, respec-
tively, and Mhr,Mkr ∈ R are passive resistive torques
acting at hip and knee joints, respectively. These
torques are defined as

Mi = Ωi(q2)Ψi(q̇2)ai, for i = he, h f ,
M j = Ω j(q2,q3)Ψ j(q̇2, q̇3)a j, for j = ke, k f ,

Mhr = Γhr(q2, q̇2),
Mkr = Γkr(q2,q3, q̇2, q̇3),

where Ωi, j(·),Ψi, j(·) ∈ R are torque equivalents of
muscle force-length and muscle force-velocity relation-
ships, respectively, and ai, j ∈ R are first order muscle
activation dynamics of hip flexors/extensors and knee
flexors/extensors modeled as

ȧk =

{
(uk −ak)(τ1uk + τ2(1−uk)), uk ≥ ak

(uk −ak)τ2, uk < ak
,

(3)

for k = h f ,he,k f ,ke where the parameters τ1,τ2 ∈ R+

are time constants for activation and deactivation, re-
spectively. Normalized stimulation level uk ∈ R in (3)
are modeled by the following piecewise linear curve:

uk =

{ 0 PW < thresh
PW−thresh
sat−thresh PW>=thresh and PW<=sat

1 PW > sat,

where PW ∈ R is the stimulation intensity (e.g.,
pulsewidth modulation) applied to the muscle, thresh ∈
R is the stimulation threshold level, and sat ∈ R is
stimulation saturation level. See [3] for explicit defi-
nitions of aforementioned terms and muscle activation
variables.

2.2. Impact phase

The leg in stance phase remains locked till the leg
in swing phase impacts with the ground which also
locks just before the impact occurs. This locking fea-
ture of the brace allows the three-link model to be con-
sidered as a two-link model just before and after the

impact. This assumption also allows a simplified transi-
tion rule for the succeeding steps. In Fig. 2, the stance
angle before and after the heel strike is denoted as q−1
and q+1 , respectively and similarly, the swing angle be-
fore and after the heel strike is denoted as q−2 and q+2 ,
respectively. With the assumption that the angular mo-
mentum about the impact point is conserved [11]), the
following algebraic equation can be derived:

Q+ = A−1BQ−, (4)

where Q+,Q− ∈ R4 are the vectors containing
angular position and velocity of the legs be-
fore and after the heel strike, respectively and
are defined as Q+=[ q+1 q+2 q̇1

+ q̇2
+ ]T ,

Q−=[ q−1 q−2 q̇1
− q̇2

− ]T . The matrices
A,B ∈ R4×4 in (4) are defined in the Appendix.

Figure 2. Just before and after the impact, the
three-link model is reduced to a two-link model
as in both conditions the brace locks the knee.
After the impact, point I in the left figure be-
comes the fixed point F in the right figure (i.e.,
rotation point of the leg in stance phase).

3. Optimization results

In this section, the objective is to find the trajecto-
ries that minimize a function that contains cost on mus-
cle activations of hip/knee flexor and extensors, arm re-
action force from the walker, and a penalty cost on the
swing leg if it tries to go below the ground level. The
goal of the optimization problem is to minimize objec-
tive function Π ∈ R

Π =
∫ t f

t0
d1F2

w +d2a2
h f
+d3a2

he
+d4a2

k f
+d5a2

ke
+d6P

where ak are the muscle activation dynamics of hip flex-
ors, hip extensors, knee flexors, knee extensors defined
in (3), Fw is the arm reaction force, and P ∈ R+ is a
penalty for the swinging leg if it tries to go below the
ground; di for (i = 1 to 6)∈ R+ are the constant coef-
ficients. The optimization is subject to the following
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constraints

[ q1(t0) q2(t0) ]T = α1, [ q1(t f ) q2(t f ) ]T = α2,

β1 < [ q̇1(t f ) q̇2(t f ) ]T < β2, 0 < t f < δ ,

y > 0, γ1 < [ Fw Mh Mk ]T < γ2,

ε1 < [ q1 q2 q3 q̇1 q̇2 q̇3 ]T < ε2,

where y ∈ R is the position of the hip joint relative to
the ground, t0 is the initial time of the step, t f is the
time taken to complete one step, α1, α2, β1, β2 ∈ R2,
γ1, γ2 ∈ R3, ε1, ε2 ∈ R4 are known constant vectors,
and δ ∈ R+ is a known constant. Optimization for ten
steps was performed by utilizing fmincon toolbox in
MATLAB. For the first step, the initial angular veloc-
ities (i.e., q̇1, q̇2, q̇3) were zero. For succeeding steps af-
ter the first step, the initial angular velocities were com-
puted using equation in (4). α1, α2 were chosen as [π/9,
π −π/9]T and [−π/9, π +π/9]T , respectively and for
intermediate steps β1 and β2 were chosen as [−∞,−1]T ,
[0,−0.15]T , respectively. Stimulation and force profile
in each step were divided into six grid points where
the profiles were linearly interpolated between the grid
points. The computed trajectories and their correspond-
ing stimulation and force profiles are shown in the Figs.
3 and 4, respectively.
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Figure 3. Trajectories depicting thigh angle
(q2−π) and knee angle (q3−π) of leg 1 (starting
as a stance leg, in solid line ) and leg 2 (starting
as a swing leg, in dotted line) over ten steps.
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Figure 4. Optimal stimulation and force profiles
of leg 1 (solid line) and leg 2 (dotted line) over
tens steps. Discontinuities in the profiles are
due to switching between the legs. Stimulation
profiles that generate hip extension and knee
flexion are shown in negative values.

4. Discussion and conclusion

The paper deals with planning optimal trajectories
for a FES-based walking. The main motivation is to ob-
tain trajectories that contain a limited number of muscle
actuators and minimize fatigue. The trajectories do not
require normal gait data. These trajectories can be used
as reference trajectories for FES-based walking control
or as optimal stimulation profiles that can be utilized
to achieve FES-based walking. However, there are cer-
tain issues that will be the focus of future efforts. The
current model does not consider trunk and foot dynam-
ics. The optimal trajectories with foot dynamics are
likely to be different from the trajectories obtained with
point feet. We also assumed that a virtual arm reac-
tion force required to move the user forward is automat-
ically generated and is available all the time. However,
in paraplegic walking with a walker the force from the
walker is often bounded and unknown. In future these
forces will be measured and profiled from experiments
and realistic bounds and properties of the force will be
utilized. Future efforts will also verify the developed
model with experimental results and develop a more re-
alistic model that include trunk and foot dynamics.
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I,C,G,T in (1) are defined as

Θ̈ = [ q̈1 q̈2 q̈3 ]T , I =

 p1 p2 p3
p2 p4 p5
p3 p5 p6

 ,

G = [ g1 g2 g3 ]T , C = [ c1 c2 c3 ]T

q̈1, q̈2, q̈3 ∈ R are defined as the angular accelerations
of stance segment (locked brace), thigh segment, and
shank segment, respectively. The elements pi,gi,ci for
i = 1 to 6 in I,G,C are defined as
p1 = J1 + (m3 + m2)l2

1 , p2 = −(m3l2l1 +
m2l2cl1)cos(ϕ),
p3 =−m3l3cl1 cos(φ), p4 = m3l2

2 + J2,
p5 = m3l3cl2 cos(ψ), p6 = J3,
g1 = (−m1l1c −mhl1 −m3l1 −m2l1)gsin(q1),
g2 = m2gl2c sin(q2) + m3gl2 sin(q2), g3 =
m3gl3c sin(q3),
c1 = sin(ϕ)(m3l2l1 +m2l2cl1)q̇2

2 +m3(l3cl1 sin(φ)q̇3
2

c2 = (m3l2 +m2l2c)l1q̇1
2 sin(ϕ)−m3l3cl2 sin(ψ)q̇3

2,
c3 = m3l3cl1 sin(φ)q̇1

2 +m3l3cl2 sin(ψ)q̇2
2,

where ϕ ,φ,ψ ∈ R are defined as ϕ = q1 − q2,φ =
q1 − q3,ψ = q2 − q3, respectively, m2, m3, mh ∈ R are
the mass of the thigh, shank, and HAT, respectively,
m1 ∈ R is defined as m1 = m2 +m3, l2, l3 ∈ R are the
lengths of the thigh and shank, respectively, l1 ∈ R
is defined as l1 = l2 + l3. l2c ∈ R is the location of
center of gravity (COG) of the thigh as measured
from the hip joint, l3c ∈ R is the leg COG location
as measured from the knee joint, l1c ∈ R is defined
as l1c = (m3(l3 − l3c) + m2(l1 − l2c))/m; J2, J3 ∈ R
are the thigh inertia and the shank inertia about hip
joint, respectively, J1 ∈ R is the shank inertia about the
contact point on the ground. The matrices A and B in
(3) are defined as

B=


−1 0 0 0
2 1 0 0
0 0 −2m1l1l1c cos(ϕ−)− −m1l1cl2c

m1l1cl2c −mhl2
1 cos(ϕ−)

0 0 −l2cl1c 0

 ,

A=


1 0 0 0
0 1 0 0
0 0 ml l2

1c +mhl2
1 +m1l2

1+ m1l2
2c+

m1l2cl1 cos(ω−) m1l2cl1 cos(ω−)
0 0 l2cl1 cos(ω−) l2

2c

 ,

where ϕ− = q−1 −q−2 and ω− = q−2 +3q−1
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