
  

  

Abstract— This article compares two techniques for 
estimating the parameters describing the motion of a phantom 
designed to investigate shaking baby syndrome. Parameters of 
a simple computational model and an impulse response 
function for a linear second order system were both fitted using 
kinematic measurements of the motion of an inverted jointed 
pendulum. From the two methods respectively, the rotational 
stiffness of the joint was calculated to be 1.396 kgm2s-2 and 
1.355 kgm2s-2 and the damping coefficient was calculated to be 
0.0142 kgm2s-1 and 0.0133 kgm2s-1. The parameter estimates 
were similar demonstrating that the two techniques were 
comparable. Identifying accurate parameters will allow more 
complex phantoms to be modeled, and will provide insight into 
the relationship between the shaking of the torso and the 
resultant head motion during shaken baby syndrome. 

I. INTRODUCTION 
HAKEN Baby Syndrome (SBS), the abusive shaking of 
infants resulting in injury or death, occurs at a rate of 20-

30 cases per 100,000 infants worldwide [1]-[5]. Diagnosis of 
SBS is subjective and there is debate about whether shaking 
is in fact responsible for the injuries often attributed to SBS 
[6]-[9]. Some research [8] suggests that the patterns of injury 
– subdural and/or retinal haemorrhaging and a lack of any 
external abrasions – are in fact due to a physiological 
cascade of events that may be benign in origin. The 
controversy surrounding SBS has resulted in legal disputes 
[10] with experts being required to express confident 
opinions in a field where little objective evidence exists. It is 
therefore important to provide clinicians with an objective 
and quantitative tool to relate motions of the head to motions 
subjected to the infant by a parent or caregiver. 

The aim of this project is to use kinematic modelling and 
experimentation to predict the motion of a phantom in 
response to controlled input accelerations. The phantom 
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attempts to recreate the anatomy and behaviour of an 
existing animal model being subjected to different shaking 
protocols, consisting of a multi-link inverted pendulum, 
representing the neck’s articulated structure. To describe the 
kinematics of a multi-link phantom, it is first important to 
characterise the properties of a single joint. This paper 
presents two methods for identifying the stiffness and 
damping of a single joint phantom system.  

II. PHANTOM  
A simple inverted pendulum was constructed consisting of 

a plastic rod mounted on an actuation stage via a rubber joint 
of unknown rotational stiffness (Fig. 1). The actuation was 
provided by a linear motor (ServoTube, Copley Controls, 
U.S.A). Kinematic measurements of the pendulum’s motion 
were provided by a wireless inertial sensor, mounted at the 
top of the pendulum. The sensor (developed in our 
laboratory in collaboration with Telemetry Research Ltd) is 

capable of measuring linear accelerations, rotation rates, and 
orientation, all in three-axes. However, due to actuation 
being limited to a single axis, only four sensor 
measurements provided information about the motion of the 
pendulum tip. These are the orientation (θ obtained from 
magnetometers), the rotation rate (θ’ obtained from a 
gyroscope) and normal (an) and tangential (at) acceleration 
components (obtained from accelerometers). For initial 
parameter identification experiments, only the orientation 
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Fig. 1.  Inverted Pendulum Phantom including sensor 
(top), pendulum rod, rubber joint and actuation stage. 
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measurements were used.  

III. EQUATIONS OF MOTION  
The equations of motion of the pendulum were derived 

using Lagrangian mechanics and are described by (1) where 
θ is the angle of the pendulum from vertical, L is the length 
of the pendulum, m is the mass at the end of the rod, x is the 
displacement of the actuation stage, φ is the damping 
coefficient, g is the acceleration due to gravity, and k is the 
rotational stiffness of the joint. The pendulum was assumed 
to consist of a point mass on the end of a massless rod. 
 ௗమఏௗ௧మ ൌ ଵ௅ ݏ݋ܿ ߠ ௗమ௫ௗ௧మ ൅ ିఝ௅మ௠ ௗఏௗ௧ ൅ ି௚௅ ݊݅ݏ ߠ ൅ ି௞௅మ௠   (1) ߠ

IV. IMPULSE RESPONSE FUNCTION MODEL 
If the small angle assumption is made, the parameters in 

(1) can be lumped together, and the equation expressed by 
the general differential equation describing a linear second 
order damped system (2) where the parameters A, B, and G 
are found by comparing coefficients with (1), and the system 
input, ݑሺݐሻ, is equal to the linear acceleration,  ௗమ௫ௗ௧మ. 

 ௗమఏௗ௧మ ൅ ܣ ௗఏௗ௧ ൅ ߠܤ ൌ    ሻ  (2)ݐሺݑܩ
 
The parameters in (2) are described with respect to the 

phantom parameters in (3)-(5). 
ܣ  ൌ ఝ௅మ௠ (3) 

ܤ  ൌ ௚௅ ൅ ௞௅మ௠ (4) 
ܩ  ൌ ଵ௅ (5) 

 
By assuming that the initial conditions are zero, the 

transfer function describing the system in (2) can be derived 
by taking the Laplace transform of both sides and dividing 
the output, ߆ሺݏሻ, by the input, ܷሺݏሻ. The transfer function is 
presented in (6). 

ሻݏሺܪ  ൌ ௵ሺ௦ሻ௎ሺ௦ሻ ൌ ீ௦మା஺௦ା஻   (6)   
 
Once the transfer function is known, the impulse response 

function (IRF) can be obtained using the impulse function 
from the Control System Toolbox in MATLAB. 

V. PARAMETER IDENTIFICATION TECHNIQUES 
The geometry and mass parameters of the pendulum were 

measured directly and are described in Table I. The mass 
was assumed to be the mass of the rod and the rotational 
inertia of the rod was ignored. There were two unknown 
parameters, k and φ, in our model description that needed to 
be identified and different parameter estimation techniques 

were used.  

A. Direct fit to analytical equation 
The kinematics of the pendulum tip were measured during 

a passive decay of the phantom from a non-zero angle (0.29 
rad from vertical). A solution to the model was obtained for 
an initial guess of the parameters. An objective function was 
created to minimise the RMS error between the 
measurements (ߠ௦) and the model prediction (ߠ௠) by fitting 
the parameters of the analytical model using least squares 
fitting. The RMS error is defined by (7) where n is the 
number of samples. 

ܵܯܴ  ൌ ට∑ሺఏ೘ିఏೞሻమ௡   (7)   
 

B. Fit to Impulse Response Function 
Kinematics of the pendulum tip was measured during an 

impulse of acceleration experimentally approximated by 
rapidly decelerating the actuation stage from a constant 
velocity. The response was compared to the analytical 
impulse response function derived in MATLAB and an 
objective function created to minimise the RMS error 
between the two by fitting the parameters in (6). The 
equation defining the RMS error is the same as that used for 
fitting to the analytical equation.    

VI. RESULTS 

A. Fit to analytical equation  
The model fit to the angle measurement using the 

magnetometer is shown in Fig. 2 where the best-fit damping 

TABLE I 
KNOWN PARAMETERS 

Parameter Value 

L 0.44 m 
g 9.81 m2s-1  
m 0.33 kg 

Parameters of the equations of motion which were used for identifying 
the stiffness and damping of the system 

 
Fig. 2.  Plot comparing the angle of the pendulum measured using the 
magnetometer and that predicted by the analytical model with the 
optimised parameters. 
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(φ) and stiffness (k) parameters were found to be 
0.0142 kgm2s-1 and 1.396 kgm2s-2 respectively. The RMS 
error between the fit and the measurements is 0.0494 rad.  

 

B. Fit to impulse response function 
The estimate of the impulse response function and the 

angle measurement are shown in Fig. 3. The fitted 
parameters of the transfer function in (6) are provided in 
Table II. Using the relations in (3) and (4), the damping (φ) 
and stiffness (k) were found to be 0.0133 kgm2s-1 and 
1.35 kgm2s-2 respectively. The RMS error between the fit 
and the measurements is 0.0320 rad. 

VII. DISCUSSION 
There are a number of limitations when constructing  

phantoms for research into SBS. One problem is that the 
infant’s neck is often constructed very crudely, which limits 
the biofidelty of the phantom and reduces the validity of the 
results. It is especially important to accurately represent the 
motion of the neck as some research indicates that damage 
to the upper neck and brain stem may be a major 
contributing factor to the injuries of SBS [8].  

This study has introduced comparative methods of 
objectively characterising the properties of a neck phantom, 
allowing for more complex phantoms to be analysed and for 
joint properties to be inferred in vivo in animal models. 
Obtaining estimates of joint properties, such as joint 
stiffness, is necessary due to the paucity of material 
properties available for the neck in a human infant. By 
having an in-depth understanding of the physical properties 
of the phantoms, the results can be used to investigate the 

relationship between a shaking event and head motion. 
There are several limitations of this research. In fitting the 

measurements directly to an analytic description of the 
equations of motion, the parameter estimates are limited by 
the quality of the model. As can be noticed in the model 
description, the stiffness and damping parameters were 
chosen to be linear. This was an approximation and more 
complex models, possibly including parameter non-
linearities, need to be investigated. There is also no 
information as to what part of the model leads to incorrect 
reproduction of the kinematics of the phantom. In addition, 
the assumption of a linear, second order system was made 
when fitting to the IRF. Although the results were 
comparable for the simple phantom used, for more complex 
phantoms these assumptions may not be valid and non-linear 
system identification methods may be required.  

There were also problems in generating an acceleration 
impulse. As the impulse was obtained by suddenly stopping 
the actuation stage, any motion caused by the preceding 
acceleration was retained in the system, possibly violating 
the assumption of steady state initial conditions. A more 
robust method for obtaining an estimate of the impulse 
response function may be to excite the phantom with a 
frequency rich Gaussian white noise input and to measure 
the resulting response. An inverse FFT of the frequency 
response will yield an estimation of the impulse response 
function [11]. Further investigation of these methods is 
required. 

Subsequent research will include using all available 
sensor measurements and extending the equations of motion 
to represent the rotational moment of inertia in the system as 
currently, a massless rod is assumed. By utilising the 
measurements from the accelerometers and gyroscope 
(possibly by weighting according to the noise within each 
measurement), a richer description of the kinematics of the 
system is available. Once a single joint is accurately 
characterised, a series of more complex phantoms 
(motivated by the clinical problem) will be constructed. This 
will include geometry and mass properties that are 
representative of a human infant which will require multiple 
links with additional degrees of freedom. The phantoms will 
also need a different method of actuation which will allow 
the kinematics of the base and of the tip to more closely 
mimic the kinematics expected during shaken baby 
syndrome. Additional degrees of freedom in the phantom 
and model may result in an under-determined system if 
inertial measurements only on the “head” and “torso” are 
used. Further research will identify how complex an 
identifiable model describing shaking baby syndrome can be 
for the limited data set available.  

VIII. CONCLUSION 
Two techniques were used to estimate the rotational 
stiffness, and damping, of a 1-link inverted pendulum 
phantom for investigating shaken baby syndrome. The 
results need to be further validated before the phantom 

TABLE II 
OPTIMAL PARAMETERS BY IRF FITTING 

Parameter Value 

A 0.208 s-1

B 43.501 s-2 

G 1.802 m-1 

Transfer function parameters obtained when fitting impulse response 
to measured data 

 
Fig. 3.  Plot comparing the measured and predicted impulse 
response using parameters described in Tables II 
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properties can be accurately identified. Accurate results will 
then allow a more detailed phantom to be constructed to test 
methods of predicting head motion during shaking. 
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