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Abstract— We present an enhancement method based on non-
linear diffusion filter and statistical intensity approaches for
smoothing and extracting 3-D vascular system from Magnetic
Resonance Angiography (MRA) data. Our method distinguishes
and enhances the vessels from the other embedded tissues.
The Expectation Maximization (EM) technique is employed
with non-linear diffusion in order to find the optimal contrast
for enhancing vessels; therefore, smoothing while dimming the
embedded tissues around the vessels and brightening the vessels.
The non-linear diffusion filter smooths the homogeneous regions
while preserving edges. The EM technique finds the optimal
statistical parameters based on the probability distribution
of the classes to discriminate the tissues in the image. Our
enhancement technique has been applied to 4 3-D MRA-
TOF datasets consisting of around 300 images and has been
compared to the regularized Perona and Malik filter. Our
experimental results show that the proposed method enhances
the image, keeping only the vessels while eliminating the signal
from other tissues. In comparison, the conventional non-linear
diffusion filter keeps unwanted tissues in addition to the vessels.

I. INTRODUCTION
Vascular diseases are among the most significant causes

of death in the world. An enhanced three dimensional
visualization of blood vessels could help in diagnosing the
disease and choosing appropriate treatment. The parameters
that make extraction of blood vessels challenging include
anatomical variability of the vasculature, surrounding tissues,
image contrast, resolution, and noise. In many approaches
to analysis, the preprocessing step enhances the vessels and
improves its visualization; assisting the task of segmentation
and centerline extraction.
Scale space theory can be utilized for smoothing and enhanc-
ing medical images. In scale space theory a set of smooth
images are generated by employing the diffusion equation;
the original image is the initial condition of the function. The
diffusion function is specified either as scalar or tensor based.
The original idea of image diffusion for image filtering was
proposed by Perona and Malik and was based on a scalar
function; it was proposed as a solution to edge detection
[1]. Weickert added orientation to enhance small vessels
and coherence structure [5], [11]. Subsequent methods to
conventional diffusion filtering replaced the diffusion tensor
by the Hessian. Multi-scale vessel enhancing methods based
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on eigenvalues of the Hessian matrix typically determine
the vesselness of a pixel. Different geometric interpretation
extracted by the eigenvalue system of the Hessian matrix is
used to measure the vesselness [4], [8], [9], [10], [15]. For
review of anisotropic diffusion, please refer to [3], [7], [13].
For implementation review of tensor based diffusion filters
in ITK we refer the reader to [17]. Catte [2] and Yu and
Accton [14] applied a new filter as an edge detection method
on Ultrasound images, only considering speckle noise in
the image. Frangi [10] proposed the multi-scale enhancing
method based on Hessian and tensor structure. Weickert [11]
defined the coherence-enhancing diffusion which improves
the tensor based diffusion to find divided regions and to
connect them. Krissian [12] and Manniesing [16] proposed
anisotropic diffusion filters to segment vessels in 3-D, based
on a tensor structure filter. Fischl proposed a new method
to indicate the best kernel function that matches the image
[6]. For further review on vessel analysis we refer the
reader to [18]. Our method uses the scalar diffusion function,
and is mainly based on the conventional Perona and Malik
nonlinear diffusion filter.
Vessels constitute a small area within each slice. They are
surrounded by other tissues and are thin and small. Non-
linear diffusion filtering enhances the regions while preserv-
ing the edges, but it cannot distinguish the homogenous
vessel region from other tissues. We propose a new method to
enhance the vessel structure which employs the conventional
Perona and Malik non-linear diffusion filter while making
use of the Expectation Maximization (EM) algorithm [19].
EM is an optimization method estimating statistical param-
eters. It is an iterative method and discriminates the classes
which are defined based on their probability density function
(PDF).
Vessel class is discriminated further in each iteration, and the
difference between the contrast of the vessel and the other tis-
sues is increased in every iteration of the smoothing process.
The smoothing changes are adaptive because the contrast of
the image is changed adaptively. Our experimental results
demonstrate that the proposed method improves vessel en-
hancement when compared to the conventional non-linear
diffusion filter. In addition, our method is a new technique
that finds the constant gradient threshold of the diffusion
function adaptively. In section II and III we introduce the
Perona and Malik diffusion filter and the EM algorithm,
respectively. In section IV we describe the proposed method
and show experimental results. Finally conclusions are given
in section V.
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II. NON-LINEAR DIFFUSION FILTER

Foremost, Perona and Malik [1] proposed the idea of the
non-linear diffusion filter. Their proposed diffusion functions
are mainly based on the gradient operator to limit smoothing
across edges and regions. The generic definition of the
diffusion function is indicated as:

∂I

∂t
= div [c (‖∇I‖) .∇I] (1)

I is the image, ∇I is the Gradient of the image, c (‖∇I‖)
is the diffusion function which controls the smoothness
of homogeneous regions and preserves the edges of the
regions. c is one in the interior of the regions and zero on
the boundaries. c.∇I is called the flow function, the greatest
flow happens when the gradient magnitude is close to the
threshold. Two diffusion equations were proposed in [1]:

c (‖∇I‖) =
1

1 +
(
‖∇I‖
κ

)2 (2)

c (‖∇I‖) = exp
[
−

(
‖∇I‖
κ2

)]
(3)

if ‖∇I‖ � κ then c (‖∇I‖) = 0, if ‖∇I‖ � κ then
c (‖∇‖) = 1. The parameter κ is a constant and is a threshold
for choosing the smoothing value. If κ is chosen to be a
large number then the homogeneous regions are smoothed
to a greater extent. There is still no automatic solution to
finding the κ, on the other hand choosing an appropriate κ
is critical to implementation results. The effect of different
κ’s is shown on one slice of the MRA images in Fig. 1.

(a) (b) (c)

Fig. 1. The results of Perona and Malik non-linear diffusion filter after 10
iterations a) Original Image b) k =10 c) k=30.

As shown in Fig. 1 the chosen κ should not be very small
or very large in our dataset, when the κ is chosen 10; the
regions are smoothed and the edges are kept; however, Fig.
1c shows a noisy image which is the result for κ = 30.
Therefore, the gradient threshold is vital to implementation
results; in our proposed approach, we substitute it with the
best threshold that we calculate from the EM algorithm. We
do not need to test different thresholds on a dataset in order
to find the best setting.

III. PROBABILISTIC MODEL FOR MRA-TOF

Statistical approaches play an important role in extracting
regions of the image. We define three classes: vessels,
the background and the other tissues. The total probability
distribution of our Gaussian mixture model is:

p =w1.P (q|vessel) + w2.P (q|background)
+ w3.P (q|othertissue)

(4)

where q is our data or intensity level and P (q|anyclass) is
the probability density function for each class. Fig. 3 and
Fig. 4 shows the Gaussian mixture model for the classes.
ws are the proportion of each class in the image and their
summation should be one.
EM is an optimization method for estimating parameters.
All we have is the probabilistic model of our incomplete
data. In our domain the observed data is the intensity of the
image. Labels, indicating whether the pixels belong to the
vessel or the background, are unobserved information. Mean
and variance of the Gaussian distribution are the statistical
parameters EM estimates. The EM algorithm definition is
as follows: Let X be the incomplete data, Y the complete
data, and θ the parameter vector. At the initialization state,
θ is assumed to have a value not very far from the final
answer; the algorithm updates θ vector until changes are very
small; argmaxQ can be any mathematical method that finds
the maximum of Q. In our paper we utilize the maximum
likelihood to maximize the parameters. The Expectation and
Maximization steps make the changes and updates the feature
vector.

Expectation-Step: Q (θ/θ (k)) = E [ln P((Y/θ)/Y,θ (k)] (5)

Maximization-Step: θ (k + 1) = argmaxQ (θ/θ (k)) (6)

θ (k) is the parameter vector in kth iteration. P(Y/θ) is the
probability density function of classes. Our chosen parameter
vector is the mean and variance of each class in the image.
Our application has three classes, so we use the mixture
model and we assume that all the classes are independent
variables.

Fig. 2. The probability distribution of two classes, ErrorI and ErrorII are
the error regions between two classes.
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IV. PROPOSED METHOD - COMBINATION OF
NON-LINEAR DIFFUSION FILTER AND EM ALGORITHM

Vessels are thin, have weak edges, and are surrounded
by the other tissues. Conventional non-linear diffusion filter
smooths different regions; however cannot enhance vessels
from other organs. Hence, we utilize a combination of
the non-linear diffusion filter and the EM algorithm. We
designate three classes for our dataset: vessel, background,
and other tissues. Our iterative framework smooths every
image slice while EM pulls out the optimized separated
distribution of the three classes. We find the error area from
the overlapping regions of the vessel class and the other
classes.
The inverse of this value is the adaptive contrast, which is
added to the vessel regions and subtracted from other regions,
to intensify vessels in the background in each iteration. We
calculate the risk function between the vessel class and the
other two classes in order to find the adaptive contrast. Fig.
2 shows the risk area between two different classes. The area
of ErrorI and ErrorII is the overlap error area between the
two classes. We indicate an adaptive contrast based on risk
function:

= =
1

error1 + error2
(7)

error1 and error2 are the error areas between the vessels’
and the other classes’ distribution in 3-D dataset. = is the
adaptive contrast which we extract based on the risk function,
and we utilize it to enhance the images. The adaptive contrast
is extracted from all the slices of the dataset; and the non-
linear diffusion filter is applied on each slice individually
while using the 3-D neighborhood information to smooth the
regions. The non-linear diffusion filter and image enhance-
ment are applied simultaneously on each slice. After each
iteration, the intensity level of all the images are changed. In
the next iteration, the EM has to find the optimized threshold
for updated images.
Fig. 3 shows the probability distribution function of the three
classes in the first iteration for one 3-D MRA-TOF dataset.
The right most marginal Gaussian distribution belongs to the
vessel class whose intensity level is high and it constitutes
only a small part of the whole image. Adding a threshold
to the vessels in each iteration causes increased contrast and
further difference between the vessels and the other tissues.
The distribution and its parameters are computed in 3-D so
we only have one figure for all the slices. The initialization
is based on manual sampling of each class. The background
is so dark and the vessels are the most bright regions in
each slice and other tissues have the intensity between the
two above classes. The initial probability for each class is
chosen equal at the initialization step.
Fig. 4 shows the distribution of the classes after applying
the proposed technique; the intensity level of the surrounded
tissues is decreased. Consequently, the whole image is dark-
ens while the vessels are distinguished and enlightened in
the background. The diffusion function is calculated for
each pixel utilizing the 3-D neighbors. Hence, we define a
cubic grid for the pixels’ neighbors. We use 3-D weighted

Fig. 3. The initial Probability Density Function of the three classes
(Background, Vessel and Other Tissues).

Fig. 4. The final Probability Density Function of the three classes, vessels
are brightened while the mean of the other two tissues in the left are
darkened.

neighborhood pixel’s intensity in the non-linear diffusion
function. The new intensity level for each pixel is indicated
as:

Inew(i, j) =Iold(i, j) + λ ∗ [
Cn.∇In(i, j)+
Ctn.∇It(i, j)+
Cbn.∇Ib(i, j)]

(8)

Inew(i,j) is the updated intensity of the pixel in i,j coordinate.
Cn, Ctn and Cbn are diffusion equations applied to the
pixels’ neighbor in the current slice, the top slice, and the
bottom slice respectively and (3) is chosen as the diffusion
equation. ∇In is the difference between the intensity level
applied to the pixel in the i,j coordination with its neighbors
in the current slice and the ∇It and ∇Ib are the difference
between the intensity level applied to the pixel in the i,j
coordination with its neighbors in top and bottom slices
respectively. Iold(i, j) is intensity of the pixel in i,j coor-
dinate of the previous image. λ is a constant usually defined
between zero and one. For updating the image intensity level,
if each pixel in each slice has an intensity level greater than
our adaptive threshold then it belongs to the vessel, so we
add an adaptive constant to contrast its region with other
neighbors. If it is smaller than the threshold it might not
belongs to vessel regions, so we reduce the intensity weight
of it and all of its neighbours. The neighborhood pixels is a
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Fig. 5. The 3-D neighborhood of each pixel has 26 pixels which are shown
for one pixel.

3-D grid, each pixel in 3-D has 26 neighbors, which affects
in updating the intensity. Fig. 5 shows the 3-D neighborhood
of each slice of every pixel. Our implementation process has
the following steps:

1) 3-D filtering utilizing the non-linear diffusion filter.
2) Applying the EM classifier and computing three di-

mensional Probability Density Function.
3) Finding the adaptive contrast threshold.
4) The result of step 3 is added to the vessels regions and

subtracted from other regions in all the slices.
5) If the changes between the updated image and the

previous image is smaller than a threshold then stops,
else repeat the process from step 1.

A. Experimental Results

We have applied our method on 4-datasets consisting of
around 300 MRA-TOF image slices. Our classifier uses all
the slices and computes the adaptive contrast threshold based
on all the image slices. The smoothness and intensity of
the entire dataset affects each slice. We compare our results
with conventional non-linear diffusion filter. Fig. 6 shows the
results of our method and conventional non-linear diffusion
function. The zoom and scaled version of only one slice
of the image which contains vessel shows that our method
successfully excludes the vessel from its neighbours region.
Fig. 7 shows the output of our method and the non-linear
diffusion filter and the binary image of ground truth on one
slice.
The manual segmentation for all the slices is also available
to us. Comparing to the binarized image of the ground truth,
it is clear that the final enhanced image for the proposed is
very similar to the ground truth; the non-linear diffusion filter
however keeps more tissues and the vessels are not enhanced
and segmented clearly.
Fig. 8 shows the implementation results on 3 slices from
a dataset with 93 slices. The first row contains three slices
of one of the datasets before applying our method which
the vessels are embedded in surrounded tissues. The second
row shows the enhanced images, so our proposed method
preserves the vessels and darkens other tissues.

(a) (b) (c)

Fig. 6. Scaled image of one part of the vessels in one slice, comparison
of conventional non-linear diffusion filter and our method. Our method
completely enhances the vessel with respect to the surrounding tissues.
a) Original image, shows the vessel in a green circle. b) Scaled image,
conventional non-linear diffusion filter result. c) Scaled image, our method’s
result.

(a) (b)

(c) (d)

Fig. 7. The final result of vessel regions on one slice. a) Original Image
b) Non-linear diffusion filter c) Our method d) Binary ground truth

Fig. 8. Original and enhanced images of a dataset containing 93 slices.
First row shows images before applying our method. Second row shows
enhanced images based on our proposed method. From left to right are:
slice 22, slice 44 and slice 90.
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B. Evaluation Metric

The metric that we use for evaluation is a criterion defined
in [15]:

τ = (VGround ∩ Vourmethod)2/(VGround ∗ Vourmethod) (9)

VGround is the volume of the vessel from the ground truth
and Vourmethod is the volume of vessel obtained with our
method. τ is between zero and one. A τ of one indicates
perfect segmentation. Table I shows the τ that is calculated
for our proposed method and conventional non-linear dif-
fusion filter. τ for our method is higher than the τ for the
conventional non-linear diffusion filter.

TABLE I
EVALUATION CRITERION

Measure Nonlinear Diffusion Filter Proposed Method
τ 0.4432 0.7217

Finally, we binarizing each slice of the image and then we
visualize the final result of all the slices in 3-D. Fig. 9
shows the final result of 3-D visualization of our method.
Fig. 9a is the 3-D visualization of non-linear diffusion filter
segmentation output; and it detects other objects as vessel.
Fig. 9b is the 3-D segmentation of our method and it shows
that our proposed technique distinguishes the vessels and
extract them from the surrounded tissues.

(a) (b)

(c)

Fig. 9. The 3-D final result of nonlinear diffusion filter, our method
and ground truth. a) 3-D visualization of Nonlinear-diffusion filter b)3-D
visualization of our proposed method c) is the ground truth 3-D result

V. CONCLUSION

In this paper we presented a new vessel enhancement
technique for MRA-TOF images. Our technique uses the
strengths of the non-linear diffusion filter in finding homo-
geneous regions. Combining the filter with EM algorithm
enhances the vessels and brightens them in a black back-
ground. Since the proposed method is an image enhancement
and preprocessing technique, it may be useful for combining
it with other segmentation techniques. The presented results
illustrate that our technique performs better in comparison
to the non-linear diffusion filter.
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