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A Fast Mapping Method in the ISAF Reconstruction Algorithm
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Abstract—ISAF (icosahedral symmetry-adapted functions)
algorithm is the new high-resolution algorithm of icosahedral
molecules. But its running speed is very slow because of the
time-consuming operations of mapping sampling points into
3D space. In this paper, a fast mapping method is proposed to
increase the running speed of this stage. First of all, the angle
corresponding to one pixel arc in the maximum Fourier ring
was taken as the sampling angle and the same angle sampling
was applied in every rings. After that, the sampling points in
ring R=1 were mapped into 3D space. Finally, the 3D spatial
positions of radial sampling points in other rings were deduced
according to the rotate angle invariability of radial sampling
points. The simulated data of PSV-F (Penicillium stoloniferum
virus F) and experimental Cryo-EM data of CPV (cytoplasmic
polyhedrosis virus) were used for validating this method. The
results show that the whole speedup reaches to an order of
magnitude at the premise of assuring accuracy. In addition,
the speedup is increasing with the increase of the maximum
Fourier radius and the number of projections.

1. INTRODUCTION

Infectious diseases have emerged and threatened human
existence, such as HBV, HIV, SRAS etc, most of which are
caused by viruses. Thus, to wipe out these diseases, the first
important step is to determine the structures of
corresponding viruses, which is the major content of the
structural biology. Among all methods to generate the
molecular structures, ISAF algorithm [ 1,2] based on
Cryo-EM images can reach the highest resolution. The
atomic models of viruses have been built with this method
[3,4]. But the running speed of this algorithm is very slow.
Liu has increased the speed of constructing fitting
coefficient equation set and calculating density function
with the asymmetric unit [2]. Wang has speeded up the
calculation of density functions [5]. However, its running
speed remains slow. Thus, it is very important to increase
its running speed.

The ISAF algorithm contains four stages: mapping
molecular images, constructing and solving fitting
coefficient equation set, calculating density function and
writing MRC file. In the first stage, the uniform arc
sampling policy is applied to EM images at first [6]. After
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that, these sampling points are mapped onto 3D space. The
mapping operation is the matrix-vector multiplication. The
number of sampling points reaches about tens of millions.
Thus, this operation is time-consuming. Thus, reducing the
number of mapping operation can improve the performance
of ISAF algorithm.

To solve this problem, the uniform angle sampling policy
is applied. The sampling angle intervals in different rings
are all the same and the one in the maximum Fourier radius
is one pixel. Because the polar angles of the mapped points
derived from radial sampling points are all the same, our
method only calculates the polar angles from one ring and
the one in other rings can be deduced. Therefore, the
speedup in this stage is S=(R,+1)/2 and the whole

speed of ISAF algorithm also increases to some extent.

To verify our method, the experiments were carried out
with simulated data of PSV-F and experimental Cryo-EM
data of CPV. The experimental results show that the whole
speedup of ISAF algorithm is generally over 10 times and
up to 15 times for PSV-F and is over 5 times and up to 7
times for CPV. Furthermore, the whole speedup is
increasing with the increase of the maximum Fourier radius
and the number of images.

II. PROBLEM ANALYSIS AND SOLUTION

A. Problem description

Fig. 1. The uniform arc sampling in the conventional ISAF algorithm

For ISAF algorithm, the first stage is mapping molecular
images. One Cryo-EM image is divided into several rings
and distance between two adjacent rings are one pixel. In
every ring, uniform arc sampling is applied and the
sampling intervals are one pixel according to Shannon
sampling theorem [6]. It is shown in Fig. 1.
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Every EM image is placed XOY coordinate plane. 3D
coordinate of point (x, y) in EM image is (x, y,0) and
must be mapped onto (X,Y,Z) with Eq. 1.

Thousands of images are required in reconstruction.
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Thus, the number of sampling points reaches about tens of
millions. Eq. 1 is a matrix-vector multiplication and applied
to every sampling point. So, the mapping operation is
time-consuming.
B.  Rotated angle invariability of radial sampling points

Theorem: For one EM image, ((pO,HO,a)O) is orientation,
O is center, and R, , R, are two radial sampling points. In
3D space, the polar radiuses of R,and R, are |R1| and
|R2| , and the polar angles are (0.571',(/)) . The two points are

rotated with Z axis, Y axis, and Z axis orderly according to
orientation ((/)O,Ho,a),)). After that, they are mapped into
points R, and R, in 3D space. Their positions are
QR}‘;HP(/%) and QR'Z‘,QZ,%). Thus, we can conclude that
==l

R’z‘:‘Rz v 0,=6,. 9=0,.

Proof: The line OR, is taken as a rigid body. The polar

N

radius of R, is the distance between origin O and
point R, . It is constant in the course of rotating according to
the shape invariance of moving rigid body. So, R, =R, is
true. Similarly, R, =R, is also true.

Let (x,,,z,) and (x,,y,,z,) are the Cartesian
coordinates of R, andR,. Let (nyIZI) and (xzyzzz)
are the Cartesian coordinates of R, and R,. We can obtain
the flowing Eq. 2 and 3.

X, =‘R,‘cosgp X, =‘R2‘cos¢
R, 1y, :‘R,‘sin(p R, <y, =‘R2‘sin(p (2)
z, =0 z,=0

x,:‘R,‘smﬂ,cos@ xz:‘Rz‘smé[,cosgo2

R, {1y, = ‘Rly‘sin 8, sing, R, {y,= ‘R;‘sin 0, sing, (3)

R,

z, = ‘R,"cosﬂ, z, =|R,|cos 6,
The Rot((p,),ﬁ,,,a),)) is rotation matrix that maps 2D
sampling points onto 3D space. Thus:
(6, 1.21) = Rotlp,.6,,@,)-(x,.v,.2,
(22 = Rotlg,.0,0,) (e (4)
By taking Eq. 2 and 3 into Eq. 4, and eliminating
common items |R1| and |R2| , We can obtain:
(sin8, cosg,,sind, sing,cos6, )| =(sinb, cosp,,sinb, sing,,cosd, )\
The corresponding items are equivalent, that is:
sin@, cos ¢, = sin 8, cos @,
sin@, sin@, = sin@, sin @,
cos 8, =cos 6, (5)
In Eq. 5,cos6,=cos@, and 0<6,,0,<7, cos@ is
monotonic decreasing in range 8 € [()7[] Thereby, 6,=6,.
In Eq. 5, using 6,=86, produces: cos@, =cos@, .

Sin@, = sin @,

If ¢, #¢,,produces: 0<¢,,¢,<27 @, +¢,=27

So, cos@, =cos@, if and only if ¢, =¢, =7, not for
all 0<¢,,¢, <27z . Thus, the hypothesis ¢, # ¢, is false.

Then, we can conclude that ¢, = ¢, .

~

In light of this, we must have ‘R}‘Z‘&

v R =[R,
0,=0,. ¢,=0,.

C. Fast mapping method

The polar angles of mapped points from radial sampling
points are all the same. Thus, we only map sampling points
in one ring, not in all rings. The fast mapping method is
proposed and contains three stages as shown in Fig 2.

Step 1: Unifrom angle sampling

Sampling is carried out as shown in Fig 2.a, the sampling
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Fig. 2. The flow of the fast mapping method
angle interval in different rings are all 7/R, radian (R, is

the maximum of Fourier radius).

Step 2: Mapping sampling points in ring R=1

The sampling points (1,0.57[, (p,.) i=0...N—1 whose
radiuses are all one are mapped into 3D space. The mapped
points are (1,6,,¢,) i=0..N—-1. N=[22R,] is the
number of sampling points in this  rings.
M[(1,0.57z,(0i)]: (],l9i,(pi) is short for this stage.

Step 3: Transfroming sampling points in ring R!=1

In other rings R, # I, the mapped points derived from
sampling points (R,0.5m,0)i=0...N—1 are
(Ry.0,9) i=0..N-1. T|R 0.57,0)=(R,.0.0) i
short for this stage.

Rm

With conventional method, Z[ZﬂR] points be mapped.
R=1

But [Zﬂ'Rm] points are mapped with our method. So, its

Rm
speedupis S = > [27R] /[2;;Rm]= (R,+1))2.
R=1

III. EXPERIMENTS AND DISCUSSION

To validate fast mapping method, the simulated data of
PSV-F (Penicillium stoloniferum virus F) and experimental
Cryo-EM data of CPV (cytoplasmic polyhedrosis virus)
were applied. The following experiments were all
implemented on one PC with CPU AMD Dual-Core 2.6G
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Hz, and DDR 2G.Byte memory.

A.  The reconstruction experiment with simulated data

(®)

Fig. 3. Simulated images of PSV-F. (a) Projection without noise. (b) The
same projection with added noise, with SNR of 0.1

The simulated data were projections of map generated
from PSV-F structure (PDB ID 3ESS5), which was solved by
X-ray crystallography to 3.3 A [7] and has icosahedral
symmetrical structure. Firstly, this model was generated at a
resolution of 3.8 A by using pdb2mrc [8]. The key
parameters were apix=1.3 and res=3.8. The size of model
was 304 X304 X304 pixels. Secondly, 2000 projections
with random orientations were generated by using
prjectlcosFile [9]. Finally, the random noise with SNR of
0.1 was added to these projections. The simulated images
with and without noises are shown in Fig 3. The
conventional mapping method and our fast mapping method
were both tested. The maximum Fourier radius was
1/3.9A"". For the purpose of comparison, the original maps
at resolution of 3.9A were generated with filtering.

The reconstruction results are shown in Fig 4. It can be
seen that the maps with two methods are all the same.

Fig. 4. The reconstructed maps at the maximum Fourier radius of
1/3.94". From left to right, the first column is the original map. The
second column is the reconstructed map with the conventional method.
The third column is the reconstructed map with the fast method.

To validate its accuracy quantitatively, the FSC (Fourier
Shell Correlation) curves [7] of the reconstructed maps with
two methods at the maximum Fourier radius of 1/3.9A™
were calculated. They are shown in Fig 5. The FSC curves
with two methods are identical and they drop to 0.5 at
1/3.9A7. 1t indicates that the effective resolutions with two
methods are both 3.9A. So, the fast method could not

_||—FSC curve with the old method
—FSC curve with the new method
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Fig. 5. The FSC curves of the reconstructed maps with two methods at
the maximum Fourier radius of 1/3.94"

influence the accuracy.
The Eq. 6 was used for calculating its speedup.

_Ori_t_prj+t_nonprj t_prj-S+t_nonprj (6)

t prj+t_nonprj t prj+t_nonprj
Where, t_prj
conventional method and fast method. ¢ nonprj is other

Ori_t_prj, are mapping times of

running time. S = (R, +1)/2 is local speedup.

TABLE 1. THE SPEEDUPS IN DIFFERENT NUMBERS OF PROJECTIONS AT
THE MAXIMUM FOURIER RADIUS OF 1/3.9A™

t_prj S t _nonpuj A
250 projections 7.44 51 216.72 2.66
500 projections 16.98 51 227.81 4.47
1000 projections 28.02 51 243.268 6.16
2000 projections 72.3 51 257.232 11.19

TABLE 2. THE SPEEDUPS AT THE DIFFERENT MAXIMUM
FOURIER RADIUS WITH 2000 PROJECTIONS

t_ prj S t _nonpuj A
1/32.825A" 9.36 6.5 17.985 2.88
1/13.13A" 18.78 15.5 64.562 427
1/6.565A"" 33.66 30.5 35.361 15.39
1/3.9A7 72.3 51 257.232 11.19

The speedups were shown in table 1 and table 2. The
units in two tables are second. It can be seen that the whole
speedup using our method is increasing with the increase of
the target resolution and the number of projections. Under
the circumstance of high resolution (less than 10A), the
speedup is often over 10 times and up to 15 times.

B. The reconstruction experiment with experimental
Cryo-EM data

Fi. 6. 4 selected CoEM 1mage of C at fferent efocus

The CPV has icosahedral structure. Currently, a full
atomic model of the CPV capsid was built [4]. The selected
2460 images were used for validating our method.

Fig 6 shows 4 images at different defocus. The imaging
parameters are as follows: image size is 1024x1024 pixels,
sampling step is 1.3A/pixel, electron microscopy is FEI
300-kV  Titan Krios, speed voltage is 300kV,
spherical-aberration coefficient is 2.7 mm, and defocus [10]
is between 0.68pum and 3.26pum.

Fig. 7. The reconstructed maps at the maximum Fourier radius of
1/7.61A". The left maps are generated with conventional method. The
right maps are generated with fast method.

The conventional method and the fast method were used
for reconstruction experiments. The maximum Fourier
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radius was 1/7.61A™". The reconstruction results are shown
in Fig 7 and indicate that the reconstruction results with two
methods are identical.
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Fig. 8. The FSC curves of the reconstructed maps with two methods at the
maximum Fourier radius of 1/7.614™

The FSC curves of the reconstructed maps with two
methods at the maximum Fourier radius of 1/7.61A™" were
calculated. They are shown in Fig 8. They are identical and

TABLE 3. THE SPEEDUPS IN DIFFERENT NUMBERS OF IMAGES AT THE
MAXIMUM FOURIER RADIUS OF 1/7.61A

t_prj S t _nonpuj A
308 images 15.06 50 706.077 2.02
615 images 29.1 50 717.905 291
1230 images 63.78 50 741.187 4.88
2460 images 137.52 50 882.536 7.61

TABLE 4. THE SPEEDUPS AT THE DIFFERENT MAXIMUM FOURIER
RADIUS WITH 2460 IMAGES

t_prj S t _nonpuj A
1/30.434" 26.34 12.9 212.733 2.31
1/15.224" 57 25.3 296.457 4.92
1/10.144™ 91.92 37.6 423.578 7.53
1/7.61A" 137.52 50 882.536 7.61

drop to 0.5 at 1/7.61A™". It indicates the effective resolutions
with two methods are both 7.61A. Thus, the fast method
could not influence the resolution.

The speedups were shown in table 3 and table 4. The
units in two tables are second. It can be seen that the whole
speedup using the fast mapping method is increasing with
the increase of the maximum Fourier radius and the number
of projections. Under the circumstance of high resolution,
the speedup is often over 5 times and up to 7 times.

From the above experiments, it can be seen that the fast
mapping method can sharply decrease the running time of
mapping molecular images without losing accuracy. Thus,
it can increase the speed of whole reconstruction.

IV. CONCLUSION

The large number of mapping operations has influenced
the running speed of ISAF algorithm greatly. To solve this
problem, a fast mapping method is proposed. Its essence is
uniform angle sampling, not conventional uniform arc
sampling. The polar angles of mapped points from radial
sampling points are all identical. Thus, mapping operations
are only performed in one ring, not in all rings. Thus, it can
decrease the number of mapping operations and the overall
speed of ISAF algorithm can be increased.
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The simulated data of PSV-F and experimental Cryo-EM
data of CPV were used to validate this method. The results
indicate that the overall speedup reaches an order of
magnitude without losing accuracy. Furthermore, its
speedup is increasing with the increase of the maximum
Fourier radius and the number of images.

There are other-hedral symmetry molecules except for
icosahedral molecule. The mapping strategies of them are
similar to that of icosahedral molecule. Therefore, our
future work lies on performing this method for 3D
reconstruction of other-hedron symmetrical molecules.
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