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Abstract— Cardiovascular signals including the electrocar-
diogram, pressure signals, and photoplethysmographs such as
those used in pulse oximetry contain a wealth of information.
Statistical models of these signals provide a means of represent-
ing and quantifying this information, and often lead to natural
and optimal estimation algorithms. One powerful statistical
model uses a Fourier approach to model cardiovascular signals
as a harmonic sum of sinusoids with a fundamental frequency,
amplitudes, and phases that vary slowly over time. We have
further developed this model to incorporate respiratory effects
including an additive component, pulse pressure variation
(PPV), and respiratory sinus arrhythmia. PPV may be viewed
as a form of amplitude modulation of the cardiovascular
signal due to respiration. Current models do not explain the
asymmetry between the upper and lower envelopes observed
in cardiovascular pressure signals, and consequently are not
appropriate for PPV estimation. We propose a model in which
each of the cardiac harmonics is independently modulated by
the respiratory signal. This improves the estimation accuracy
and permits more accurate cardiovascular tracking and estima-
tion. The proposed model is more accurate in PPV estimation
applications.

I. INTRODUCTION

Statistical models of biomedical signals often form the
core of signal processing algorithms for cardiovascular sig-
nals. They are also often used for algorithm validation since
the parameter of interest may not be directly measurable in
real signals and statistical models permit complete control of
all the statistical parameters of interest [1]. These statistical
models are particularly useful when they can be expressed
in the form of a state-space model because many of the
available state space tracking algorithms can then be applied
to continuously estimate the parameters of interest from
observed signals.

Cardiovascular signals such as pressure signals, photo-
plethysmographs (PPG), and electrocardiograms (ECG) are
affected by both the cardiac and respiratory cycles. The
interactions of these cycles are complex and challenging to
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model. One approach to modeling these cycles is to represent
them as sums of sinusoids,

yn =

Nh∑
k=1

ak cos (kθn + φk) (1)

where yn is the observed cardiovascular signal, Nh is
the number of harmonics, ak is the amplitude of the kth

harmonic, θn is the instantaneous angle, and φk is the
phase of the kth harmonic. Fourier series representations
are often used to model and characterize periodic signals.
This is a compact representation of the signal in which
the frequency, harmonic amplitudes, and harmonic phases
completely characterize the signal. This can be generalized
for the case where the frequency, amplitude, and phases are
time-varying [2]. However, this model does not characterize
the interaction of the respiratory and cardiac cycles.

The pulse pressure variation (PPV) describes changes in
the amplitude of a cardiovascular pressure signal due to
respiration. This effect is similar to amplitude modulation
used in communication systems. A normalized index of
PPV in patients receiving full mechanical ventilation is
used clinically as a predictor of who will have a significant
increase in cardiac output due to an infusion of fluid [3]–[7].
PPV is analogous to an asynchronous amplitude modulation
of the cardiac component of cardiovascular signals [2], [8].

In the specific case of cardiovascular pressure signals,
models have been proposed for arterial blood pressure (ABP)
and intracranial pressure (ICP) signals. These statistical
models typically model cardiovascular pressure signals as
a sum of harmonically related sinusoids that are amplitude-
and frequency-modulated by respiration. This type of model
has been widely used in a variety of applications [8]–[11].

The major limitation of the ABP signal model based on
amplitude and frequency modulation of the cardiac compo-
nent by the respiratory signal is that it does not explain
the asymmetry typically observed between the upper and
lower envelopes in ABP signals. This fundamental ABP
feature has not been previously explained or modeled. We
propose a novel statistical signal model for ABP signals
which takes into account the asymmetric upper and lower
envelopes encountered in the ABP pulse pressure variation
(PPV).

II. METHODS

A. Notation

We have adopted the notation used in [12] with minor
modification. We used boldface to denote random processes,
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normal face for deterministic parameters and functions, upper
case letters for matrices, lower case letters for vectors and
scalars, and subscripts for time indices.

B. State-Space Model

A typical nonlinear state-space model with additive noise
can be expressed as,

xn+1 =f (xn) + un (2)
yn =h (xn) + vn (3)

where (2) is a process model, (3) is a measurement model,
f (·) and h (·) nonlinear functions of the ` dimensional state
xn, and un and vn uncorrelated white noise with variances
q and r. x̂n|0:n denotes a causal estimate of xn given all
previous measurements y0:n = {y0, . . . ,yn}.

C. Measurement Model

Previously the cardiac signal of the ABP signal was
assumed to be amplitude-modulated by the respiratory mod-
ulation signal mn,

yn =sn + vn (4)

sn =

N r
h∑

k=1

r1,k,n cos (kθr
n) + r2,k,n sin (kθr

n) +

mn

N c
h∑

k=1

c1,k,n cos (kθc
n) + c2,k,n sin (kθc

n) (5)

mn =1+

N r
h∑

h=1

λ1,h,n cos (hθr
n) + λ2,h,n sin (hθr

n) (6)

where N r
h is the number of respiratory harmonics, N c

h the
number of cardiac harmonics, θr

n the instantaneous respira-
tory angle, θc

n the instantaneous cardiac angle, and vn the
measurement noise with variance r [2]. This cardiac signal
is amplitude-modulated by the respiratory modulation signal
mn. This model assumes that all harmonics of the cardiac
signal are equally amplitude-modulated by mn.

We propose a new model for pressure signals that per-
mits the respiratory signal to modulate each of the cardiac
harmonics differently,

yn =sn + vn (7)

sn =

N r
h∑

k=1

r1,k,n cos (kθr
n) + r2,k,n sin (kθr

n) +

N c
h∑

k=1

mk,n [c1,k,n cos (kθc
n) + c2,k,n sin (kθc

n)] (8)

mk,n =1+

N r
h∑

h=1

λ1,k,h,n cos (hθr
n) + λ2,k,h,n sin (hθr

n) (9)

In the new model each cardiac harmonic is separately
amplitude-modulated by mk,n, where mk,n is the respira-
tory modulation signal of the kth cardiac harmonic.

D. Process Model

For the application of estimating the pulse pressure varia-
tion (PPV), patients must be under full ventilatory support.
In this case, the respiratory rate is a known constant value.
The process model for the instantaneous respiratory angle
θr
n+1 and instantaneous cardiac angle θc

n+1 can then be
written as,

f̄ c
n+1 =g

[
f̄ c
n + uf̄ c,n

]
(10)

f c
n+1 =f̄ c

n + α
(
f c
n − f̄ c

n

)
+ uf c,n (11)

θc
n+1 =θc

n + 2πTsf
c
n (12)

θr
n+1 =2π(n+ 1)Tsf

r (13)

where Ts is the sampling period, f r a fixed respiratory
rate, f c

n an instantaneous heart rate, α an autoregressive
coefficient of f c

n, and uf̄ c,n and uf c,n the process noises
with variances qf̄ c,n and qf c,n, respectively. The function
g [·] is a nonlinear reflecting function,

g[f ] =


fmax − (f − fmax) fmax < f

f fmin < f ≤ fmax

fmin + (fmin − f) f ≤ fmin.

(14)

This essentially causes the mean frequency f̄ c
n to bounce

elastically from the boundaries at fmax and fmin, which in
turn ensures that at any given time n the mean frequency f̄ c

is uniformly distributed within this range.
The sinusoidal coefficients {r1,k,n, . . . ,λ2,k,h,n} are mod-

eled as random walk processes,

r·,k,n+1 =r·,k,n + ur,n (15)
c·,k,n+1 =c·,k,n + uc,n (16)

λ·,k,h,n+1 =λ·,k,h,n + uλ,n (17)

where ur,n, uc,n, and uλ,n are white Gaussian process
noises with variances qr, qc, and qλ, respectively. This pro-
cess noise determine how quickly the sinusoidal coefficients
are expected to change over time. The random walk is a
common statistical model for parameters that are known to
change slowly in time, but in which the exact dynamics of
the changes are unknown [13].

E. Asymmetric Harmonic Envelopes

The new ABP signal model is motivated by our observa-
tion of the asymmetric upper and lower envelopes of ABP
signals after removing the respiratory signal by applying a
highpass filter. If the cardiac signal is amplitude-modulated
by the respiratory modulation signal as shown in (5), the
upper and lower envelopes of ABP signals after remov-
ing the respiratory signal should have the same amplitude
modulation index, which indicates the symmetric amplitude
modulation. However, often ABP signals do not exhibit
symmetric amplitude modulation.

ABP signals included in this study are from the Mas-
sachusetts General Hospital (MGH) waveform database on
PhysioNet, which is a comprehensive collection of electronic
recordings of hemodynamic and electrocardiographic wave-
forms patients in critical care units [14]. The original sample
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Fig. 1. ABP signal (blue) and its respiratory component (red).
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Fig. 2. Example of asymmetric amplitude modulation of the ABP signal,
from which the respiratory component and mean were removed. The
conventional ABP signal model can not model this asymmetry properly.

rate fs of the signals was 360 Hz, but we downsampled them
by a factor of 9 to a final sample rate of 40 Hz to reduce the
computational load.

Fig. 1 shows an example of an ABP signal from the MGH
database (blue) and its respiratory component (red). Fig.
2 illustrates the ABP signal after removing its respiratory
component, s-r

n, which can be expressed as,

s-r
n =yn −

N r
h∑

k=1

r1,k,n cos (kθr
n) + r2,k,n sin (kθr

n) (18)

The upper and lower envelopes of the signal s-r
n shown

in Fig. 2 exhibit asymmetric amplitude modulation. The
observation of this asymmetric amplitude modulation led us
to conclude that the conventional ABP signal model in (4)–
(6) is incorrect.

In order to study the cause of this asymmetric ampli-
tude modulation effect we applied three bandpass filters
with different cutoff frequencies to the ABP signal shown
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Fig. 3. Each cardiac harmonic partial along with its signal envelope.
The envelopes of the third harmonic partial are out of phase from that
of the first and second harmonic partials, which cannot be explained by the
conventional ABP signal model.

in Fig. 2. Plots in Fig. 3 illustrate the resulting signals
{b1,n, b2,n, b3,n} (blue) and their upper and lower envelopes
(red). According to the conventional ABP signal model
shown in (4)–(6), the envelopes of {b1,n, b2,n, b3,n} should
be in-phase. However, Fig. 3 clearly indicates that the
envelopes of b3,n are out of phase from those of b1,n and
b2,n. This observation led us to propose the new ABP signal
model in (7)–(9).

III. RESULTS

An accurate statistical model is required to use state-space
methods for continuous tracking of the parameters of interest.
In order to demonstrate the suitability of the new ABP signal
model, we developed two ABP signal trackers based on the
conventional ABP signal model in (4)–(6) and the proposed
one in (7)–(9) and applied them to the ABP signal shown in
Fig. 1.

Previously we proposed a novel tracking algorithm which
can compute the pulse pressure variation (PPV) of ABP
signals continuously [15]. This algorithm can track the heart
rate f c

n along with the signal morphology represented by
sinusoidal coefficients {r·,k,n, c·,k,n,λ·,k,h,n}. We used this
algorithm to implement two ABP trackers: one with the pro-
posed state-space model and the other with the conventional
one.

The top plot of Fig. 4 shows the 30 s segment (grey) of the
ABP signal shown in Fig. 2. Estimates based on the proposed
model (purple) and the conventional model (red) are shown
along with their signal envelopes in the matching colors.
The bottom plot of Fig. 4 illustrates the pulse pressure (PP)
signals of the three ABP signals in the top plot. The pulse
pressure signal is simply the difference between the ABP
signal’s upper and lower envelopes, which correspond to
the systolic and diastolic pressures. The PP signal fluctuates
approximately at the respiratory rate and the amplitude of
its fluctuation (∆PP) is referred to as the pulse pressure
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(a) ABP signals and their envelope estimates
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(b) Pulse pressure signals

Fig. 4. (a) ABP signals: original (grey), its estimates based on the proposed
model (purple) and the conventional model (red). The corresponding signal
envelopes in the matching colors (b) Pulse pressure (PP) signals of the
original ABP signal (grey), its estimates based on the proposed model
(purple) and the conventional model (red). ∆PP of the conventional model
based result (red) overestimates the true ∆PP.

variation (PPV). It is a sensitive and yet specific predictor
of fluid responsiveness in patients under full mechanical
ventilation. ∆PP based on the conventional signal model
overestimates the true ∆PP. In contrast, ∆PP based on the
proposed signal model yields excellent results. This supports
our claim that the proposed signal model more accurately
represents the actual cardiovascular effects of respiration on
the pulse pressure than the conventional one.

IV. CONCLUSION

Earlier signal models of cardiovascular pressure signals
have accounted for the pulse pressure variation effects of
respiration. However, until now, this effect was assumed
to apply equally to all of the harmonics of the cardiac
component. We have found that the extent of modulation
differs for the cardiac harmonics and separate coefficients of
modulation must be used for each of these harmonics. This

results in a more accurate signal model that can improve the
accuracy of cardiovascular parameter estimation when state-
space tracking algorithms are applied. This could lead to
more accurate prediction and monitoring of fluid responsive-
ness in critical care settings and ultimately improve patient
outcome.
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