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Abstract— In this paper, we develop a mechanics-based dy-
namic model for bevel-tip flexible needle insertion into soft tis-
sues. We use Newton-Euler formulation to account for the effect
of actuation, friction, tissue interactions, and bevel-tip forces
on the needle. The soft tissue deformation is modeled by finite
element analysis, whereas the mechanics-based model is used
to predict needle deflections due to bevel-tip asymmetry. The
proposed needle-tissue model is then experimentally evaluated
by comparing the needle deflections for various insertion depths
in a tissue phantom with those achieved from simulations.

I. INTRODUCTION

Needle insertion into soft tissue is a common procedure
employed in many clinical applications such as tissue biopsy
[1], brachytherapy [2], and anesthetic delivery [3]. For effec-
tive medical diagnosis and treatment, accurate targeting is of
foremost importance. However, target accuracy is affected by
needle deflection and tissue deformations that happen during
needle insertion. Needle deflection is mainly observed in
long slender needles due to bevel-tip asymmetry, and tissue
deformations take place in soft tissues.

Different models have been proposed for bevel-tip flexible
needle deflections which predict needle-tip deviations from
the target for compensation. Webster et al. proposed a
kinematic model for needle deflections by generalizing the
standard nonholonomic unicycle and bicycle models [4].
The effect of mechanical and geometric properties of both
the needle and the tissue as well as their interaction are
implicitly embedded in the model parameters which need
to be identified for each pair of tissue and needle [5]. In
addition, this type of model is applicable when the tissue
is stiff retaliative to the needle which is not valid for many
biomedical applications, such as in brachytherapy where the
needles are much more rigid [6]. Kataoka et al. proposed
a model for static relationship between bevel-tip needle
deflections, its thickness, and the insertion depth [7]. They
assume that the transverse forces at the needle base are
proportional to the insertion depth and thus, the effect of
tissue is hidden in the model.

Abolhassani et al. proposed a static model to estimate
the amount of needle deflections during needle insertion
into soft tissues as a function of needle geometry and
base and load forces applied to the needle, considering the
needle as a cantilever beam [8]. In their model, the effect
of tissue is applied through the load forces of the tissue
modeled by simple parallel springs. Hauser et al. used a
3D kinematic model for a flexible bevel-tip needle based on
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circular movements of the needle with a constant curvature
[9]. In this model, the effect of homogeneous material on a
specified needle is applied through a curvature factor, which
is assumed to be known for a set of needle and tissue under
experiment.

There are important shortcomings related to the nature
of the models used or the assumptions made in the above
methods. For instance, the complexity of the tissue defor-
mation and cutting forces are not modeled directly and the
needle-tissue interaction is not determined by fundamentals
of mechanics. Thus, the empirical parameters of these models
must be estimated for a combination of specific type of
needle inserted into specific material [5]. For practical im-
plementations, a mechanics-based model is rather necessary
which directly takes into account the mechanical properties
of needle and tissue, separately. In addition, most of the avail-
able models describe needle deflections in static relations
which do not account for the element of time. However,
needle deflection and tissue deformation are dynamic pro-
cesses progressing over time as a result of applied inputs and
the interaction forces. Therefore, study of mechanics-based
dynamic models for the coupled needle-tissue interactions
are important for the analysis of system behavior over
time leading to the design of suitable dynamic controllers.
Unfortunately, due to inherent complexity of these models,
studies on dynamic models and dynamic control of needle
insertion are very limited [3].

Reed et al. showed that torsional friction would result in
a dynamic lag between the needle-tip and the needle base
angles, while the available steering methods assume a static
relation [6]. Therefore, they proposed a dynamic model to
describe the observed relation between the applied torque and
the orientation of the bevel-tip. They used a simple Kelvin-
Voigt model for the tissue, viscous friction for needle-tissue
integrations, and neglected tissue deformations. The orienta-
tion of the bevel-tip is then controlled through the control
torque applied about the needle base [6]. To the best of
our knowledge, this is the only available dynamic feedback
control approach to needle insertion for a mechanics-based
model. More studies are required to develop dynamic models
that would apply to more generic types of needles and would
provide a more accurate representation of tissue behavior
and yet could be used for the design of dynamic feedback
controllers.

Haddadi et al. [10] proposed a mechanics-based dynamic
model for a symmetric flexible needle by incorporating
the angular-spring method [11] for the needle and a finite
element model (FEM) for the soft tissue. They analyzed the
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controllability of symmetric needles inserted into deformable
tissues. In this paper, the model in [10] is extended to bevel-
tip needles by applying the bevel-tip asymmetric force model
proposed by Misra et al. [5], [12]. The accuracy of the
model is evaluated by comparing the data collected from
simulations and experiments with a flexible needle inserted
into an artificial tissue phantom, made of PVC.

II. DYNAMIC MODEL OF FLEXIBLE NEEDLES IN SOFT
TISSUES

In this paper, we will analytically derive a mechanics-
based dynamic model for a bevel-tip flexible needle in-
serted inside a soft tissue in a two-dimensional plane (2D),
as illustrated in Figures 1(a)-(c). The insertion model is
separated into three main sub-models, i) dynamics of the
needle, ii) finite element model (FEM) of the tissue, and iii)
model for bevel-tip forces. Here, we will derive the dynamics
of the needle connected to a simple robot and determine
needle penetrations and deflections as functions of input and
interaction forces.

A. Dynamic model of flexible needles

Here we assume that the needle is connected to a robot
that can apply output force and torque along and about the
needle base. We will derive the dynamics of the needle
by determining the needle penetration and deflection as
functions the robot force and torque and the interaction
forces. In order to model the dynamics of flexible needles in
the plane, we take the same approach as in [11] for angular
springs model of flexible needles by considering two pseudo
joints along the needle and the mass of each link at its distal
end as described in [10].

The unactuated pseudo joints are modeled by torsional
springs which allow the needle model to conform to the
bending shape of a flexible needle. Here we consider kb1

and kb2 as the stiffness of the pseudo joints and γ1 and γ2

as the joint angles as shown in Figure 1(a). For a rigid needle,
springs are infinitely stiff, resulting in zero joint angles. A
more accurate model of the needle can be obtained at the cost
of higher dynamic complexity by increasing the number of
pseudo joints along the needle.

In addition to the bevel-tip considerations, which will
be discussed in Section IV, the proposed model has two
main changes with respect to the previous model in [10]
for increased consistency with practical applications. First,
we use Newton-Euler formulations to model the flexible
needle as a three-link manipulator with angular springs at
each joint. This method can directly apply the effect of
asymmetric needle-tip forces as well as the integrated tissue
forces to obtain needle deflection as opposed to the Lagrange
formulation used in [10] that could indirectly account for
these effects. Second, we included a revolute-prismatic (RP)
planar robot holding the needle at its base as shown in
Figure 1(a). The needle is also considered as a combination
of two revolute (2R) joints and three links which can be
considered as a 2R planar manipulator. The augmented
system is therefore an RP2R robot-needle mechanism.
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Fig. 1. Model of the needle as an RP2R planar manipulator with angular
springs (a), external forces applied to the needle (b), and general model of
a flexible needle inside a soft tissue modeled by finite element method (c).

Using the Newton-Euler formulation and the recursive
algorithm described in [13], we have

M(Θ)Θ̈ + C(Θ, Θ̇) = F, (1)

where, Θ = [α θ γ1 γ2]T is the vector of generalized
coordinates, M is a 4 × 4 mass matrix, C is a 4 × 1 vector
of Coriolis and centrifugal forces, and F is a 4×1 vector of
augmented forces applied to the needle including the resistant
forces due to the bending stiffness, input control force Fin

and torque τin from the robot, and the interaction forces due
to insertion. Interaction forces are drawn from three main
sources: i) friction forces, ii) forces from the FEM of the
tissue Fw, and iii) asymmetric bevel-tip forces.

Friction forces are modeled by a combination of static and
viscous friction components in a simplified Karnopp friction
model [14] during the insertion phase (positive velocity)

Ff = (Cn + bnα̇)d (2)

where Cn and bn are model parameters and d is the insertion
depth. Friction force is considered along the needle shaft and
is applied to the needle at the nodes in contact with the tissue
nodes that are previously cut by the needle. The interaction
forces from the FEM of the tissue, which will be discussed
in Section III, are applied perpendicular to the needle shaft
for those links of the needle which are in contact with the
cut nodes of the tissue. The asymmetric bevel-tip forces are
derived from macroscopic force model proposed in [5] and
applied to the last node of the needle. These forces will be
discussed in Section IV.

III. FEM OF THE SOFT TISSUE

The soft tissue is modeled by an FEM in stick and slip
modes shown in Figure 1(c). We consider the effect of FEM
forces as external forces acting perpendicular to and along
the needle links at the three nodes, i.e. FNi = [FNix

FNiy
],

in the coordinates attached to each link of the needle, as
shown in the Figure 1(b) for the second link [10].

To derive these forces, we consider the interaction nodes
of the tissue with the needle as the working nodes and the
rest of the tissue nodes as the non-working nodes. If we
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denote the forces and displacements of the working and non-
working nodes as Fw, Fnw, uw, and unw, respectively, and
consider the tissue as an elastic object, then the forces at each
node, are directly related to the movement of each FEM node
according to [15](

Fw

Fnw

)
=

(
Kw1 Kw2

Knw1 Knw2

) (
uw

unw

)
(3)

+
(

Cw1 Cw2

Cnw1 Cnw2

)(
u̇w

u̇nw

)
+

(
Mw1 Mw2

Mnw1 Mnw2

)(
üw

ünw

)

where the block matrices Kw1,Kw2,Knw1 and Knw2

denote the tissue stiffness, Cw1,Cw2,Cnw1 and Cnw2

denote the tissue damping, and Mw1,Mw2,Mnw1 and
Mnw2 denote the tissue mass matrices. If the nodes of the
tissue and joints of the needle match, we have Fw6×1 =
[FN1x FN1y . . . FN3x FN3y]T , otherwise FNix and FNiy

can be written as functions of the Fw components. The
constrained tissue node displacements uw, caused by needle
movement, and the derivatives of the displacements are
applied at each iteration to the tissue and the forces of
interaction Fw are numerically calculated from (3). These
forces contribute to an augmented force vector F, which is
used through (1) to find Θ and hence uw for use in the next
iteration. For the slip mode, in which the tissue is being
cut, FEM forces along needle link directions are set to zero
and only the friction forces are applied. The net amount
of force at each node can be decomposed into parallel and
perpendicular components in order to determine an effective
stiffness at each node.

IV. BEVEL-TIP MODEL AND ASYMMETRIC FORCES

Asymmetric forces are applied to the needle-tip due to
the bevel-tip asymmetry. These forces result in the needle
bending during insertion and should be accounted in the
mechanics-based dynamic model. Since we plan to develop
a needle model, which relates the tissue forces to the amount
of needle deflection based on the fundamental principles
of mechanics, we require a model for the bevel-tip that
fits this model, i.e. a model which gives the asymmetric
forces applied to the last node of the flexible needle model
developed in II-A. To the best of our knowledge, the only
mechanics-based model for the bevel-tip forces has been
proposed in [5], and we will use this model in ours to account
for the asymmetric forces at the tip.

The resulting bevel-tip forces along and perpendicular to
the needle shaft, defined as P and Q, are calculated by
integrating the force distribution along the tip edges, which
are assumed to be triangular in nature according to the
observations made from macroscopic level experiments [5].
These forces are modeled as

P =
KT b2

2
sin λ(

tan λ − tan β

1 + tan λ tan β
) (4)

Q =
KT b2

2
cos λ(

tanλ − tanβ

1 + tan λ tanβ
) − KT a2

2
tan β, (5)

where KT is a material property of the elastic phantom
sensed by the needle which depends on both the physics
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Fig. 2. Asymmetric forces acting on the needle tip [5]. The driving force
of the needle does not necessarily act at the centre of the needle.

of phantom and also the needle type, a and b are the lengths
of bevel edges and λ is the bevel angle, as shown in Figure
2 [5]. We apply P and Q forces at the final node of the
needle (needle tip) to simulate the bevel-tip needle. These
forces contribute in the augmented force vector F in (1)
through the Newton-Euler formulations. The driving force of
the needle, generated from the base insertion force applied
by the robot, acts at a point known as the acting point which
is not necessarily at the centre of the needle [5]. The acting
point, that depends on the needle type and tissue material,
determines β and γ, as illustrated in Figure 2. The values
reported for KT are between ∼ 4 kNm−2 and ∼ 13 kNm−2

and the fraction β
λ is reported between ∼ 0.03 and 0.3 for

different types of gels in [5].

V. EXPERIMENTAL AND SIMULATION RESULTS

A. Experimental setup

The needle insertion experiments are performed on an
experimental setup as shown in Figure 3. The testbed consists
of a Quanser planar Twin Pantograph robotic manipula-
tor equipped with a an ATI Nano-25 force/torque sensor
connected through a needle holder to an 18 gauge 26 cm
brachytherapy needle with a 30◦ bevel angle. A Pointgrey
Grosshopper (GRAS-20M4M-C) CCD camera, able to grab
images with a maximum of 15 Hz, is mounted at the distance
of 32 cm above the PVC phantom fitted with a FUJINON
1:1.2/6mm DF6HA-1B optical lens. The stiffness of the PVC
phantom could be adjusted by changing the portion of plastic
and softener (or hardener). The PVC phantom used for this
experiment was made of 5 portions of plastic and 1 portion of
the softener1. For more information on the relation between
the stiffness of the PVC and the portions of the plastic and
the softener or hardener, the reader is referred to [16].

B. Simulation parameters

In order to simulate the combined model, we require dif-
ferent parameters including Young’s modulus and Poisson’s
ratio for the FEM of the tissue, and KT and the fraction β/λ
for the bevel-tip model. The Young’s modulus is estimated
to be ∼ (76± 6.0) kPa based on the values reported in [16]
for the portion of plastic and softener used to fabricate the

1Supplier: M-F Manufacturing Co., Inc. Fort Worth, TX.
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Fig. 3. Experimental setup consisting of a Twin Pantograph robotic
manipulator equipped with a Nano-25 force/torque sensor, a CCD camera,
a needle, and a PVC phantom.

TABLE I
TIP DEFLECTIONS FOR DIFFERENT FORCES APPLIED PERPENDICULAR TO

THE NEEDLE SHAFT DURING IDENTIFICATION EXPERIMENTS.

Force (mN) 40 60 80 100 120 140 160
Deflection (mm) 21 28 33 37 47 51 55

γ1 5◦ 7◦ 8◦ 9◦ 12◦ 13◦ 14◦
γ1 4◦ 5◦ 6◦ 6.5◦ 7.5◦ 8◦ 9◦

phantom. It is also known that the Poisson’s ratio for tissue-
mimicking materials are less than 0.5. In this respect, we
choose ν = 0.34 for our simulations, based on the values
reported in [17]. For the parameter KT and the fraction
β/λ, we tried different values in the range of values reported
in [5] and compared the results with the experiments. The
final choice of the parameters were KT = 9.42 × 103

and β/λ = 0.2, which have been used in the reported
simulation results. The values used for parameters of the
friction model 2 are empirically derived for the best fit which
are Cn = 6 Nm and bn = 120 N/m2. These values are
within the same order of the values reported for a bovine
liver in [14]. The bending stiffness parameter of the needle,
i.e. kb, was estimated as described next.

C. Needle angular-spring model parameter identification

The stiffness factor of the needle kb was estimated by
applying least squares to the data collected form the needle
under static loads. Static forces within the range of Fn =
40−160 mN was applied at the needle-tip and perpendicular
to the needle shaft, while images were taken from the bent
needle. The images were visually matched with the three-link
manipulator and and the two angles of the manipulator, i.e.
γ1 and γ2, were determined. Table I shows needle deflections
and determined joint angles for various tip forces.

The relation between the applied forces at the needle-
tip and the manipulator joint angles is through the static

0 1 2 3 4 5 6 7 8 9
0

2

4

6

8

10

12

Insertion depth (cm)

N
ee

dl
e 

de
fle

ct
io

n 
(m

m
)

Simulations
Experiments

Fig. 4. Simulation and experimental results for needle deflections in
different insertion depths.

relation τ = JT F, where J is the manipulator Jacobian and
τ is the vector of torques induced at the joints, which are
linearly related to the joint angles. The above relation can
be expanded as(
kb1 0
0 kb2

)(
γ1

γ2

)
=
(
−L1s1 − L2s12 L1c1 + L2c12

−L2s12 L2c12

)(
0

Fn

)
(6)

where kb1 and kb2 are bending stiffness factors at the joints,
L1 and L2 are the link lengths, and si, ci, sij , and cij

represent sin(γi) and cos(γi), sin(γi +γj), and cos(γi +γj),
respectively. Assuming uniformity across the needle, that is
kb1 = kb2, without loss of generality, we can rewrite (6) as

kbΦ = Y, (7)

where Φ = [γ̃1 , γ̃2] and Y = [(L1c1 +
L2c12)F̃n , L2c12F̃n] are matrices denoting an ensemble
of measured quantities for multiple sampling points. Using
the Least-Squares, the parameter kb can be estimated from

kb = (ΦT Φ)−1ΦT Y. (8)

Substituting the values reported in Table I in Φ and Y and
using (8), considering L1 = L2 = 26/3 cm ≈ 87 mm, the
needle stiffness kb ≈ 0.092 Nm is achieved with the mean-
square-error (MSE) of 5.3e−6. For high number of nodes
(joints), a more efficient method has been presented in [11].

D. Experiment and simulation results

The experiment consists of inserting needle in the ra-
dial (along the y axis) direction at the nominal speed of
∼ 6 mm/sec. The goal is to compare the traversed path
and needle deflections obtained from the experiment and
simulation for various depths. The insertion angle θ and
depth α are controlled in both simulations and experiments
using the control signals Fin and τin. The insertion angle
set-point is zero degree.

Figure 4 shows the results of deflections versus the inser-
tion depth for both simulation and experiments. The maxi-
mum error between simulation and experiment is 0.5 mm at
the depth of 7 cm. It is important to note that the accuracy
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Fig. 5. Simulation and experimental result for the final instant of insertion,
when the insertion depth is 9 cm. From left to right: simulation, experiment,
and the superimposed images.

of the measured deflections from the collected images is
0.5 mm.

Figure 5 shows snap shots of the needle in both the
experiment and simulation and their superimposed image
at the final instant of insertion when the insertion depth
is 9 cm. It is observed that the model can mimic the
actual needle pose visually accurately. The single degree-
of-freedom (DOF) experiment and simulation have been
performed to evaluate the model in single direction similar to
experiments conducted in [8]. The model can be evaluated
in two DOFs by rotating the needle base during insertion
through application of different torques to the base which
will be considered as a future work.

VI. CONCLUSIONS

In this paper we have developed a complete mechanics-
based dynamic model for bevel-tip flexible needles and have
reported preliminary results from the validation experiments.
The model is unique in the sense that it predicts needle
deflections and tissue deformations at the same time, deter-
mines the insertion progression over time, and is suitable for
dynamic feedback control of needle insertion. The model
excited in radial direction predicts actual needle deflection
with the maximum sensory accuracy, i.e. ∼ 0.5 mm.
Future works will aim towards the evaluation of the model
for various insertion speeds, variable insertion angle and
controllability analysis of needle-tissue model for feedback
control design.
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