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Introduction. While implantable cardiac pacemak-
ers and cardioverter defibrillators are among the most
important medical innovations of the twentieth cen-
tury, researchers are still debating the basic mecha-
nisms of cardiac excitation triggered by a pacemaker.
Previous simulation studies have investigated the rel-
evance of cardiac virtual electrode responses to unipo-
lar cathodal and anodal stimulations for explaining
the make and break excitation mechanisms and the
induction of fibrillation and defibrillation, see e.g. [5,
Ch. 4.4] and [14]. For a survey about the relation-
ship between the virtual electrode polarization re-
sponse and the outcome of the defibrillation shock
see e.g. [15]. Most of these studies have considered
2D Bidomain models or cylindrical domains that by
symmetry reduce to the 2D case. The goal of this
work is to revisit these excitation mechanisms with
detailed 3D orthotropic Bidomain simulations with
transmural fiber rotation and augmenting the LRd
membrane model [6] with the so-called funny and the
electroporation currents. The heart can be stimulated
electrically with rectangular current pulses in four
different ways: by turning on a pulse with negative
amplitude (cathode make, CM) or a positive ampli-
tude (anode make, AM), and by turning off a pulse
with negative amplitude (cathode break, CB) or pos-
itive amplitude (anode break, AB). It is well known
that only Bidomain models with unequal anisotropy
ratios of the intra- and extracellular media are able
to generate virtual electrode polarization regions, see
[11, 13] and [5, Ch. 2.1], experimentally observed
by optical mapping, see [12] and [5, Ch. 4.3]. Af-
ter an anodal stimulus, the transmembrane potential
distribution exhibits a virtual anode (VA), i.e. a hy-
perpolarized volume around the stimulating electrode
having a dog-bone shape, and by two virtual cath-
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lano, Via Saldini 50, 20133 Milano, Italy. E-mail:

luca.pavarino@unimi.it, simone.scacchi@unimi.it.

odes (VCs), i.e. depolarized regions adjacent to the
concave part of the hyperpolarized anodal dog-bone
boundary. Conversely, after a cathodal stimulus, the
polarity is reversed, i.e. the transmembrane poten-
tial pattern exhibits a central dog-bone shaped VC
oriented across fibers and two adjacent VAs aligned
along fibers.
Methods. Bidomain model. The evolution of the
transmembrane potential v(x, t), extracellular poten-
tial ue(x, t), extracardiac potential ub(x, t), gating
variables w(x, t) and ionic concentrations c(x, t) is
described by the macroscopic Bidomain model (see
[9, 10] for a derivation from a cellular model and
[5, 7]):






























cm∂tv − div(Di∇(v + ue)) + iion(v, w, c) = 0 in H

∂tw − R(v, w) = 0, ∂tc − S(v, w, c) = 0 in H,

− div(Di + De)∇ue = div Di∇v + ieapp, in H

− div σb∇ub = ieapp, in Ω \ H,

n
T Di∇(v + ue) = 0, n

T De∇ue = n
T σb∇ub on ∂H,

ue = ub on ∂H, n
T σb∇ub = 0 on ∂Ω

where Ω = H ∪ Ω0 with H modeling a cardiac tis-
sue in contact with a conducting medium Ω0, repre-
senting either the intracavitary blood or an extrac-
ardiac bath. Here cm and iion denote the capaci-
tance and the ionic current of the membrane per unit
volume, ieapp represents the extracellular applied cur-
rent per unit volume with the compatibility condi-
tion

∫

Ω
ieapp = 0, and σb is the conductivity coeffi-

cient of the extracardiac medium. In order to iden-
tify a unique solution of the Bidomain model, ini-
tial conditions on v(x, 0), w(x, 0), c(x, 0) must be
added and a reference potential is chosen so that
∫

H
ue(x, t)dx = 0.

Orthotropic fiber structure. Beside the intramu-
ral fiber structure across the ventricular wall, recent
studies have evidenced a laminar organization of the
fibers, yielding two preferential transverse fiber di-
rections, one tangent and the other orthogonal to
the laminae, respectively. This geometrical fiber ar-
chitecture yields orthotropic properties of the effec-
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tive macroscopic conductivity tensors, see [8]. The
orthotropic macroscopic conductivity tensors Di =
Di(x) and De = De(x) at any point x ∈ H are de-
fined by:

Di,e = σ
i,e
l ala

T
l + σ

i,e
t ata

T
t + σi,e

n ana
T
n ,

where al = al(x) is a unit vector parallel to local
fiber direction and at = at(x), an = an(x) are unit
vectors tangent and normal to the local fiber lam-
ina, respectively. Moreover, σ

i,e
l,t,n denote the effec-

tive intra and extracellular conductivity coefficients
measured along and across the fiber direction tan-
gent and normal to the fiber lamina, whose values
are given by σi

l = 2.3172, σi
t = 0.2435, σi

n = 0.0569
and σe

l = 1.5448, σe
t = 1.0438, σe

n = 0.37222, all
in mScm−1; for the calibration of these values see
[2]. The transmural fibers rotate linearly across the
thickness, counterclockwise from epicardium (−75o)
to endocardium (45o), for a total amount of 120o.
We also incorporate the epi-endocardial obliqueness
of the fibers by introducing the so called imbrication
angle which describes the deviation of al from the
tangent plane of the packed ellipsoidal surfaces, see
for details [3].

Membrane model. We choose the LRd ionic model
[6], augmented with the addition of i) the funny cur-
rent If ; ii) the electroporation current Ie; iii) the out-
ward current Ia activated upon induced depolariza-
tion. This membrane model exhibits an action po-
tential duration of about 210 ms. For further details
about the calibration of these currents see [2].

Numerical methods. The cardiac domain H con-
sidered is a block of a truncated ellipsoidal volume
modeling a portion of the left ventricular wall. The
endocardial surface is in contact with an ellipsoidal
volume modeling the blood cavity with conductivity
σb = 6 mScm−1. In all computations, a structured
grid of hexahedral isoparametric Q1 finite elements of
size of about h = 0.1 mm is used in space, while the
time discretization is performed by a double opera-
tor splitting procedure, based on splitting both the
ODEs from the PDEs and the elliptic PDEs from the
parabolic one, see for details [1, 16]. The parallel
Fortran code used in the simulations is based on the
PETSc library http://www.mcs.anl.gov/petsc and it
is run on 24 processors of a Linux Cluster with 56
Opteron AMD processors and Infiniband network.
Results. S1 stimulation. We first apply at a small
volume centered on the epicardial surface of the rest-
ing tissue an initial S1 cathodal (ieapp < 0) stimu-
lus initiating a propagating excitation wavefront that
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Figure 1: Epicardial transmembrane (left) and ex-
tracellular (right) potential distributions 200 ms af-
ter the S1 stimulus, i.e. at the instant when the S2
stimulation starts.

sweeps the cardiac domain. In order to ensure the
compatibility condition, we inject an equal total stim-
ulation current of opposite polarity in a thin strip
of the extracardiac bath. The epicardial transmem-
brane and extracellular potential distributions 200 ms
after the S1 stimulus, i.e. during the relative refrac-
tory period (RRP), are reported in Fig. 1. At this
instant a premature S2 cathodal (ieapp < 0) stimulus
of duration 10 ms is delivered at the same subepi-
cardial thin volume of the S1 pulse. We investigate
the excitation patterns elicited applying a premature
stimulus of threshold strength, i.e. no excitation re-
sponse is elicited below this strength value, and above
threshold strength.

S2 threshold stimulation. Fig. 2 reports the epicar-
dial transmembrane and extracellular potential dis-
tributions generated by a cathode break excitation
mechanism, at three time instants after the onset of
a threshold S2 stimulus of strength −0.0243 mA and
10 ms duration delivered 200 ms after the S1 stim-
ulus. During the stimulation, the tissue under the
cathode is strongly depolarized and at the end of
the S2 stimulus pulse the transmembrane potential
reaches a maximum value of about 118 mV . The
transmembrane potential exhibits a cathodal region
around the site of stimulation (virtual cathode) with
a pair of hyperpolarized regions (virtual anodes) de-
veloping along fibers. Because the S2 stimulus is still
applied during the RRP, the depolarized tissue un-
der the cathode is not excitable, thus cathode make
excitation does not occur. After the stimulus end,
the hyperpolarized tissue around the virtual anodes
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Figure 2: Cathode break excitation mechanism,
threshold stimulus. Epicardial transmembrane (top
row) and extracellular (bottom row) potential distri-
butions at three time instants after an S2 stimulus of
strength −0.0243 mA and 10 ms duration delivered
200 ms after the S1 stimulus.

removes the inactivation of the sodium channels, ren-
dering the tissue excitable. In a slab tissue of ro-
tating fibers on parallel planes, it is expected that
the electrotonic currents (charge diffusion), flowing
from the virtual cathode towards the virtual anodes,
are able to originate simultaneously two activation
wavefronts. In this case instead, due to the com-
bined effect of fiber rotation, imbrication angle and
tapering of the ventricular thickness, the excitation
wavefront starts only from one of the two virtual an-
odes at about 10 ms after the end of the S2 stimu-
lus. The excitation wavefront is initially an open bro-
ken surface with the rim lying on the border of the
virtual cathode. The extracellular potential presents
at 10 ms two maxima of almost equal magnitude in
the virtual anodes and a minimum inside the virtual
cathode. At 22 ms a more pronounced positive max-
imum, located in one of the virtual anodes ahead of
the negative area, indicates that an excitation wave-
front starts to propagate along the fiber direction.
At 30 ms, some extracellular potential maxima ap-
pears ahead of the portions of the excitation wave-
fronts propagating mainly along the fiber direction.

S2 above-threshold stimulation. Fig. 3 reports the
epicardial transmembrane and extracellular potential
distributions generated by a cathode break excita-
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Figure 3: Cathode break excitation mechanism, far
above threshold stimulus. Epicardial transmembrane
(top row) and extracellular (bottom row) potential
distributions at three time instants after an S2 stim-
ulus of strength −0.0432 mA and 10 ms duration
delivered 200 ms after the S1 stimulus.

tion mechanism, at three time instants after the on-
set of a far above-threshold S2 stimulus of strength
−0.0432 mA and 10 ms duration delivered 200 ms

after the S1 stimulus. In this case, the electrotonic
currents flowing from the virtual cathode to the vir-
tual anodes are strong enough to excite both the vir-
tual anodes, hence two activation wavefronts start to
propagate and subsequently merge. The extracellular
patters exhibit two symmetric maxima of compara-
ble magnitude ahead of the portions of the excitation
wavefronts propagating mainly along fiber.

Conclusion. We have simulated cathode break ex-
citation mechanisms in a 3D orthotropic Bidomain
model. As already shown in [5, Ch. 4.3] by 2D
Bidomain simulations, cathode break excitation fol-
lowing strong S2 cathodal pulses is able to gener-
ate quaterfoil reentry phenomena. Our results have
shown that low voltage cathodal stimulations near
threshold induce broken asymmetric activation wave-
fronts, that might constitute a dangerous arrhythmo-
genic substrate, e.g. for fronts associated to reduced
action potential durations and slow conduction ve-
locities, possibly leading to reentrant pathways with
an excitable gap. Finally, we observe that a sim-
ilar transition from an asymmetric to a symmetric
wavefront propagation depending on the stimulation
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strength occurs also in diastole for anode make exci-
tation mechanisms.
Limitations. Our study has focused on S2 stimula-
tions delivered in the same site of the first S1 pulse
at an instant within the systolic phase. A further
extension would be to compute the strength-interval
curve, as we have done in [2] for a three-dimensional
slab, investigating more deeply the temporal window
where the asymmetric excitation occurs.

We have considered an idealized ventricular geome-
try consisting only of a portion of truncated ellipsoid.
It would be interesting to extend this study to more
realistic geometries and pre-shock substrates, as e.g.
in [4].
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