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Abstract—We suggest a multi-process dynamic model and a
sequential bayesian forecasting method of tumor-specific growth.
The mixture model uses prior information obtained from the
general population and becomes more individualized as more
observations from the tumor are sequentially taken into account.
In this study we propose utilizing all available tumor-specific
information up to date to approximate the unknown multi-scale
process of tumor growth over time, in a stochastic context. The
validation of our approach was performed with experimental
data from mice and the results show that after few observations
from a tumor are obtained and included in the model, the latter
becomes more individualized, in the sense that its parameters are
adjusted in order to reflect the growth of each individual tumor,
yielding more precise estimates of its size.

Index Terms—Statistical Modeling, Mixture Dynamic Model,
Bayesian forecasting, Gompertz-law of growth, xenograft model.

I. INTRODUCTION

The development of mathematical models describing the
evolution of a tumor over time has had a significant effect
on understanding biological growth dynamics, the evolution of
resistance to anti-cancer therapy and the design of optimal con-
trol strategies through constrained optimization. Even a quick
look at the literature reveals a large number of growth models,
either deterministic or probabilistic/stochastic [1], [2], [3], [4],
[5]. The more complex a model is, the more physiological
phenomena or processes it may potentially take into account.
However at the same time, both the theoretical and practical
analyses may become considerably harder, e.g. identifiability
problems. Consequently, a trade-off between these two aspects
must be sought. Based on experimental data, the growth rate
of a malignant tumor has been characterized as exponential
at the beginning of the course of the disease, followed by a
linear growth towards an asymptote which is usually termed
as maximum carrying capacity. Several mathematical, mostly
phenomenological growth curves, have been used to model this
or a similar behaviour [4]. However, the performance of such
models depends crucially on the reliable estimation of their
unknown parameters which is often not possible in practice.
Compared to the deterministic framework, a more realistic
description of complex physiological phenomena, such as the
dynamic growth of a tumor in a given subject, with many
possible different sources of uncertainty, can be achieved
by obtaining probabilistic inferences about any quantity of
interest. In this context, the objective of this study is to

suggest (i) a statistical tumor-specific growth model, (ii) an
individualized recurrent updating procedure for the model
parameters and (iii) a sequential approach to forecast tumor
dynamics under the Bayesian framework.

II. DYNAMIC MODELING OF TUMOR GROWTH

A. The Growth Law

In this paper we are interested in modeling and forecasting
of a univariate time series, that is, the volume of the tumor
across time. In the following, we consider a model that obeys
the Gompertz-law [1], [4], due to its simplicity, popularity
and ability to fit tumor growth experimental data relatively
well. The generalization of our model in order to accommodate
for any continuous function that describes the temporal tumor
dynamics is straightforward.

Let 𝑌𝑡 denote the log tumor volume at time 𝑡 > 0. The
deterministic Gompertz-type tumor growth function is defined
by

𝑌𝑡 =
𝑐1
𝑐2

−
{
𝑐1
𝑐2

− ln(𝑁0)

}
exp(−𝑐2𝑡). (1)

Different values of the positive real valued parameters 𝑐1 and
𝑐2 can be used to determine the evolution of different tumor
types [6], [1], with 𝑁0 > 0 being the initial tumor volume
and 𝑐1/𝑐2 being the maximum carrying capacity for a specific
subject. Nonetheless, because of various physical, mechanical
and chemical factors, as well as the spatial and temporal
heterogeneity of tumors, it is quite common to observe discrep-
ancies within and between subjects and deviations from the
baseline response to a particular form of cancer. Therefore, it
is reasonable, in the face of uncertainty, to treat the parameters
of the model as random variables.

B. The Gaussian Dynamic Linear Model

Let 𝐼𝑡 be the set of all available information at time
𝑡. As time passes, new observations become available for
inclusion in the model thus updating our information. We
can express this information as: 𝐼𝑡 = {𝑌𝑡, 𝐼∗𝑡 , 𝐼𝑡−1}, with
𝐼0 = {𝑌0, 𝐼∗0}, where 𝐼∗𝑡 represents any additional relevant
information obtained at time 𝑡. Then an appropriate dynamic
linear model [7], [8] (DLM) describing the progression of (1)
over time is defined by

𝑌𝑡 = 𝛼1,𝑡 + 𝛼2,𝑡𝑋𝑡 + 𝑣𝑡,
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with 𝑋𝑡 = exp(−𝑐2𝑡) and 𝑐2 fixed, 𝑣𝑡 ∼ 𝑁(0, 𝑉𝑡), 𝛼1,𝑡 =
𝛼1,𝑡−1 + 𝑤1,𝑡, 𝛼2,𝑡 = 𝛼2,𝑡−1 + 𝑤2,𝑡, and w𝑡 ∼ 𝑁(0,𝑊𝑡).
Here, 𝑣𝑡 is independent of (𝜃𝜃𝜃𝑡,Y𝑡−1), w𝑡 is independent of
(𝜃𝜃𝜃𝑡−1,Y𝑡−1), where w𝑡 = (𝑤1,𝑡, 𝑤2,𝑡)

′, 𝜃𝜃𝜃𝑡 = (𝛼1,𝑡, 𝛼2,𝑡)
′ and

u𝑡 = {𝑢1, . . . , 𝑢𝑡}.
The updating recurrence relationships for the parameters

of our model and the one-step ahead forecast error 𝑒𝑡 =
𝑌𝑡−𝐸

(
𝑌𝑡∣Y𝑡−1

)
are derived using the concept of conditional

independence (the future is independent of the past, given
the present) and the Bayes’ theorem, according to which
𝑝(𝜃∣𝑥) ∝ 𝑝(𝑥∣𝜃)𝑝(𝜃). All the information regarding the future
is based on inference drawn from the posterior distribution. In
the sequel, whenever we quantify the uncertainty for our model
predictions, we refer to the highest predictive density (HPD)
regions with respect to these predictions. A region 𝑅𝑎 ⊂ Θ
is said to be a highest density region for 𝜃 of size 𝑎 with
respect to 𝑝(𝜃) if the conditions: (i) 𝑃 (𝜃 ∈ 𝑅𝑎) = 𝑎 and (ii)
𝑝(𝜃1) ≥ 𝑝(𝜃2) for all 𝜃1 ∈ 𝑅𝑎 and 𝜃2 /∈ 𝑅𝑎, hold [7].

Assuming that the observational variance is constant, i.e.
𝑉𝑡 = 𝑉 , we can address the uncertainty on 𝑉 by using
standard Bayesian conjugate analysis [8], [9]. Let 𝜙 = 1/𝑉
be the precision variable. We assume that 𝜙 follows a gamma
distribution (equivalently, inverse gamma for V) and define
the prior distribution (𝜙∣𝐼0) ∼ 𝐺(𝑛0/2, 𝑑0/2), where 𝑛0, 𝑑0 ∈
ℝ

+ and 𝐺 denotes the gamma distribution. Note that the mean
of this prior distribution is 1/𝑆0, where 𝑆0 = 𝑑0/𝑛0 is a prior
point estimate of 𝑉 . When 𝑉 is unknown, it can be shown
[7, ch. 2, 4, 17] that the posterior distributions of the model
coefficients as well as the forecast distribution are no longer
normal but rather follow non-standardized 𝑡-distributions.

Nevertheless, in our particular case the observational vari-
ance is not constant through time. Therefore, we assume
that the precision of the observation error is subject to a
random disturbance at each time point. Specifically, in order
to model the transition from 𝜙𝑡−1 to 𝜙𝑡 we use a random
walk which satisfies 𝐸(𝜙𝑡−1∣𝐼𝑡−1) = 𝐸(𝜙𝑡∣𝐼𝑡−1). Following
the approach of [7, ch. 10], we set 𝜙𝑡 = 𝛾𝑡𝜙𝑡−1/0.95, where
𝛾𝑡 ∼ 𝐵(0.95𝑛𝑡−1/2, 0.05𝑛𝑡−1/2) is a random variable that is
independent of 𝜙𝑡−1, with 𝐵 representing the beta distribution,
for 0 < 𝛾𝑡 < 1 with 𝐸(𝛾𝑡∣𝐼𝑡−1) = 0.95. At time point 𝑡− 1,
the posterior distribution of 𝜙𝑡−1 is given by (𝜙𝑡−1∣𝐼𝑡−1) ∼
𝐺(𝑛𝑡−1/2, 𝑑𝑡−1/2). We estimate the evolution variance matrix
using discounted variance learning, i.e. by defining W𝑡 to be
a fixed proportion 𝛿 of C𝑡−1 = Var(𝜃𝜃𝜃𝑡−1∣𝐼𝑡−1).

It is worth noting that, at each time 𝑡 > 0, the mean of
the posterior distribution of the state vector 𝜃𝜃𝜃𝑡 is equal to
the mean of its prior distribution at 𝑡 − 1 plus a correction
term which is proportional to the forecast error 𝑒𝑡. The first
obvious conclusion is that the greater the error the greater the
difference between the two posterior means. Also of note is
that the posterior precision C−1

𝑡 is always larger than the cor-
responding prior, hence the posterior of the coefficient vector
will never be more diffuse (less informative) than the prior.
The recurrence relationship of 𝑛𝑡 converges to a constant,
with the limit being equal to 20. This implies that while
trying to accommodate the various sources of uncertainty that

influence our observations, we restrain the precision of the
estimated variance at each time point by bounding the degrees
of freedom of the posterior forecast distribution, 𝑇𝑛𝑡

, and not
allowing it to become approximately normal with thinner tails
compared to a t-distribution. A value smaller than 0.95 can
be used as discount parameter, increasing the variance of the
random variable 𝛾𝑡, but at the same time the limiting value of
𝑛𝑡 will decrease.

III. MULTI-PROCESS MODEL SPECIFICATION

Whereas any single DLM defines a process model, a
combination of several DLMs defines a multi-process model
(MPDLM), also known as mixture model [10]. Let 𝑀𝑡(c) be
a DLM for a given value of c ∈ 𝔸, where 𝔸 is the parameter
space. We consider the class of MPDLMs under which we
assume that there is a true but unknown value of c, say c∗.
Then, our objective is to choose a mixture, from a finite
collection of competing models, that is as close as possible
to 𝑀𝑡(c

∗), even if no single component dynamic model is
appropriate to describe the evolution of the process [7].

Let Ξ𝑡 be a vector of random quantities of interest; for
example, the state vector 𝜃𝜃𝜃𝑡 or the future observation 𝑌𝑡+𝑙,
for 𝑙 > 0. Now consider that we fit in parallel more than one
such DLMs, where for each we choose a different value for
c. Starting with an initial prior 𝑝(c∣𝐼0) for c, as data become
available we can sequentially update 𝑝(c∣𝐼𝑡) using Bayes’ rule.
Now the posterior 𝑝(c∣𝐼𝑡) quantifies, in a sense, the support
that each c receives from the data we collected up to time 𝑡.

In order to infer on Ξ𝑡 without reference to any particular
value of c, we need to integrate c out, that is 𝑝(Ξ𝑡∣𝐼𝑡) =∫
𝔸
𝑝(Ξ𝑡∣c, 𝐼𝑡)𝑝(c∣𝐼𝑡)𝑑c. In practice, we approximate this inte-

gral with a finite sum using a fixed and finite grid of points
{c1, . . . , c𝑘}.

The analysis is thus based on the use of a finite collec-
tion of DLMs, updated in parallel, each corresponding to a
different choice of the parameter value. Thereafter, 𝑐 is con-
sidered a discrete random variable, the posterior distribution
of which has a mass function 𝑝𝑡 at time 𝑡 given by 𝑝𝑡(𝑗) =
𝑝(𝑐𝑗 ∣𝐼𝑡), (𝑗 = 1, . . . , 𝑘) with the initial prior distribution
denoted by 𝑝0(𝑗). Considering the one-step ahead forecast
problem (i.e. Ξ𝑡 = 𝑌𝑡), the posteriors are calculated according
to 𝑝𝑡(𝑗) ∝ 𝑝𝑡−1(𝑗)𝑝(𝑌𝑡∣𝑐𝑗 , 𝐼𝑡−1). The normalizing constant 𝜅𝑡
can be obtained by 𝜅−1

𝑡 =
∑𝑘

𝑗=1 𝑝𝑡−1(𝑗)𝑝(𝑌𝑡∣𝑐𝑗 , 𝐼𝑡−1).

A. Reparameterization of the dynamic model

We define the system 𝑌𝑡 = 𝛼𝑡 +𝛽𝑡 + 𝑣𝑡, with 𝛼𝑡 = 𝛼𝑡−1 +
𝑤𝛼,𝑡 and 𝛽𝑡 = 𝜆𝛽𝑡−1 + 𝑤𝛽,𝑡, for some correlated parameters
𝛼, 𝛽 and 𝛾, with 𝛾 > 0, where 𝑤𝛼,𝑡 an 𝑤𝛽,𝑡 are the evolution
variances, 𝜆 = exp(−𝛾) and 0 < 𝜆 < 1.

It is now evident that, for all 𝑡 > 0, under our framework,
we treat 𝛼𝑡 (and 𝛽𝑡) as locally constant (and decreasing by
𝜆 a few points back and ahead in time), with changes over
longer periods of time to be expected but modelled as purely
stochastic. Therefore, we can employ the multi-process mod-
eling techniques for the parameter 𝜆. The parameter space is
restricted between 0 and 1, thus, lacking any prior information



on 𝜆, a reasonable approach is to consider a set of possible
values 𝕃 for 𝜆 from an equally spaced sequence between 0 and
1. If an initial estimate of 𝜆 is available, the boundaries of the
sequence can be chosen to be tighter. The more data one has,
the denser this sequence may be. Note that the larger (smaller)
the value of 𝜆 is, the slower (faster) the corresponding growth
rate is.

IV. DATA ANALYSIS AND VALIDATION

A. Choice of the initial values

Consider that we have tumor progression data that come
from individuals from the population of interest, having the
same type of cancer, denoted by 𝑌𝑖,1, . . . 𝑌𝑖,𝑗𝑖 , with 𝑖 =
1, . . . 𝑛𝑟, where 𝑛𝑟 is the number of subjects in the training
set and 𝑗𝑖 is the total number of observations for subject 𝑖 in
the training set. In order to obtain the initial values, we fit a
non-linear least squares regression model to each subject in
our training set using the parametrization (1). The resulting
estimates of 𝑐1,𝑖 and 𝑐2,𝑖 are 𝑐1,𝑖 and 𝑐2,𝑖, respectively, for
𝑖 = 1, . . . 𝑛𝑟. Then, we construct an “average” individual
having a maximum carrying capacity equal to �̃� =

𝑐𝑚𝑒𝑑
1

𝑐𝑚𝑒𝑑
2

where

𝑐𝑚𝑒𝑑
2 = median𝑖=1,...𝑛𝑟

{𝑐2,𝑖} and 𝑐𝑚𝑒𝑑
1 = 𝑐𝑚𝑒𝑑

2 × �̃�𝑚𝑒𝑑, with

�̃�𝑚𝑒𝑑 = median𝑖=1,...𝑛𝑟

{
𝑐1,𝑖
𝑐2,𝑖

}
. We avoid using the mean in-

stead of the median due to effect that possible extreme outliers
might have. Once we have these estimates, we set m0 =
(𝑐𝑚𝑒𝑑

1 /𝑐𝑚𝑒𝑑
2 , log(𝑁0) − 𝑐𝑚𝑒𝑑

1 /𝑐𝑚𝑒𝑑
2 )′. For a single process

DLM we can choose 𝜆 = exp(−𝑐𝑚𝑒𝑑
2 ), while for a MPDLM

with 𝑘 component models we use 𝕃 = {𝜆(1), . . . , 𝜆(𝑘)}, where
𝕃 is an equally spaced grid with 𝜆(1) and 𝜆(𝑘) representing
the smallest and largest estimated 𝜆 values from all available
𝑌𝑖,𝑗 , 𝑖 = 1, . . . 𝑛 and 𝑗 = 1, . . . 𝑇 , respectively.

B. Experimental data

In this section we study the predictive performance of the
proposed models using data from mice experiments. At time
𝑡 = 0 we start forecasting the future tumor volume (one step-
ahead forecast) initially using the available information from
the training data and then as time passes and more data are
collected, we update our model and adapt the tumor volume
forecasts to reflect the tumor’s unique characteristics.

1) Methods and Materials: Tumors were prepared as de-
scribed in previous work [11] by implanting a small piece (1
𝑚𝑚3) of viable tumor tissue from a source tumor animal into
the flank or mammary fat pad (mfp) of a severe combined
immunodeficient (SCID) mouse. Specifically, the following
four cancer cell lines were used: human glioblastoma 𝑈87
(flank, number of mice subjects 𝑛𝑠 = 6), human fibrosarcoma
𝐻𝑇1080 (flank, 𝑛𝑠 = 11), murine mammary adenocarcinoma
4𝑇1 (mfp, 𝑛𝑠 = 12) and murine mammary adenocarcinoma
𝐸0771 (mfp, 𝑛𝑠 = 6). Tumor growth was monitored on a
daily basis and its planar dimensions (𝑥, 𝑦) were measured
with a digital calliper every 2 days. The volume of the
tumor was estimated from its planar dimensions using the
volume of an ellipsoid and assuming that the third dimension
𝑧 is equal to

√
𝑥𝑦. Therefore, the tumor volume 𝑉 equals

𝑉 = 4𝜋
3

𝑥𝑦𝑧
8 = 𝜋

6 (𝑥𝑦)
3/2.

2) Results: In order to assess the predictive performance of
the multi-process DLM we randomly split the data in each of
the U87, HT1080, 4T1 and E0771 cell lines into training and
testing sets. Specifically, we randomly select two thirds of the
mice in each cell line to comprise the training data set and the
remaining third to comprise the testing data set. As mentioned
before, the initial mean parameter m0 is chosen based on the
non-linear least square estimates 𝑐1 and 𝑐2. From the analysis
of the training set for each cancer cell line we choose a set
of five values for 𝜆 defining a five-component mixture model.
Based on a factorial design using the training data set, we set
the initial parameters 𝛿, 𝑛0, 𝑑0 and matrix 𝐶0 equal to 0.25, 1,
0.001 and diag(0.01, 0.01) respectively. We found this choice
to work well for the various types of cancer cell lines we
considered, even though the latter exhibit various scales and
features.

In Figure 1 we present the one-step ahead forecasts and 90%
HPD intervals for some representative randomly selected mice
from the testing sets corresponding to the 𝐻𝑇1080, 𝐸0771,
4𝑇1 and 𝑈87 cancer cell lines. The x-axis corresponds to
the total time (days) elapsed since 𝑡 = 0. In both figures the
bottom row shows the corresponding posterior probabilities for
each of the five component models at each time step. The first
prediction after 𝑡 = 0 is solely based on the baseline (initial)
values of the model parameters. Then, as time passes, the
model parameters are updated based on the new observations
and the resulting one step-ahead forecasts exhibit increasingly
improved performance in terms of mean value prediction and
reduced uncertainty. For example, in the top left panel of
Figure 1, the subject’s initial tumor growth rate is slower than
the expected rate given the training data set. Thus at the first
time point after 𝑡 = 0 the model prediction overestimates the
observed value 𝑌1. As soon as the new information enters our
model, the model parameters are updated towards the unique
characteristics of the given subject.

From the posterior probabilities shown in the right column
panels in Figure 1 we can gain valuable information about
the support that each of the component models receives from
the data. For example, in the first subject (top row) the model
corresponding to 𝜆 = 0.75 has the largest weight showing
evidence in favour of an average growth, i.e. close to what we
expect given the training set, with the true value of 𝜆 possibly
lying in the interval [0.65, 0.75].

V. DISCUSSION AND CONCLUSIONS

We propose a multi-process dynamic linear model for tumor
growth and an individualized Bayesian forecasting method to
predict short-term tumor evolution, given a limited number
of observed data as well as some a priori information about
the average response of the population in which the subject
belongs, to a specific type of cancer. Overall, our results
suggest that the one-step ahead prediction performance of
the proposed model has promising potential. Although cancer
encompasses many biological processes occurring on many
levels, e.g. genomic and molecular, we are only observing
tumor size, which is a situation that arises often in practice.
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Fig. 1. Left column: One-step ahead forecasts for a ran-
domly selected mouse from the testing set. Blue-White dots:
Forecast values 𝑓𝑡, Black dots: Observations 𝑌𝑡, Blue dotted
lines and squares: 90% posterior probability intervals; Right col-
umn: Posterior probabilities of the component models; From
top to bottom: Red: 𝜆 = 0.55, 0.9, 0.8, 0.8, Green: 𝜆 =
0.65, 0.9225, 0.8475, 0.8475, Blue: 𝜆 = 0.75, 0.945, 0.895, 0.895,
Light-blue: 𝜆 = 0.85, 0.9675, 0.9425, 0.9425, Pink: 𝜆 =
0.95, 0.99, 0.99, 0.99.

Therefore, we use a macroscopic dynamic model to describe
a complex multi-scale phenomenon. Moreover, we have con-
siderable measurement errors (tumor size is measured using
callipers), small sample size, estimation of tumor volume with
only two dimensions, between and within subject variation.
All these reasons render the quantification of uncertainty very

important. Unlike the vast majority of cancer growth models
that do not take uncertainty into account, the HPD intervals of
our model quantify the aggregate effect of the heterogeneous
sources of variation on the prediction uncertainty. It is there-
fore necessary to account for this temporal variability when
designing treatment strategies in practice.

The proposed mixture approach is used in order to alleviate
the fact that there is no a priori information available for the
tumor under examination (we only have access to information
on the population to which the subject belongs). Therefore,
we use a finite collection of rival models, each corresponding
to a different growth behaviour, to identify the model (or the
combination of the competing models) that better describes
the evolution process in the particular tumor. Convergence to
a single value of 𝜆 identifies the corresponding model as the
most appropriate to describe the growth dynamics of the tumor,
although no simple model actually generates the time-series
𝑌𝑡. The results presented here identified considerable room for
improvement of short-term tumor-specific growth prediction,
suggesting the development of individualized treatment strate-
gies utilizing all available information through the deployment
of posterior and predictive distributions, rather than using point
estimates and predictions. Also, it is worthwhile noting that
our model allows inclusion of various extra covariates, e.g.
genetic information, at little additional computational cost.
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