
  

  

Abstract — Cancer growth is a complex process which 
depends on several tasks that cancer cells have to perform in 
order to live and proliferate. Among these tasks, perhaps the 
most significant one is to reach adequate sources of nutrients, 
such as oxygen and glucose, from their surrounding 
environment in order to initiate their respiration process and 
provide them with the necessary energy in the form of ATP 
molecules. Cellular respiration is a biological mechanism that 
consists of two sequential processes, named 'glycolysis' and 
'oxidative phosporylation' (OXPHOS). Since 1956, when the 
biologist Otto Warburg discovered the increase of glycolysis in 
cancer cell compared to healthy cells, glycolysis has been 
studied in depth in order to understand its role in cancer 
genesis and growth. Towards this direction we propose a new 
in-silico cancer growth model which embeds the glycolytic 
potential of the cancer cells in the growth process. The 
experimental observations obtained show that the model fits 
the cancer data predicting the tumor’s growth, in the 
proliferative, hypoxic and necrotic zone, quite satisfactory. 

I. INTRODUCTION  
ancer is considered as one of the most lethal 
pathologies. Although it is now clear to scientists that 
specific genetic mutations are the main cause for 

carcinogenesis, what it is not yet clear is the mechanism that 
a solid tumor generates in order to develop and invade.  
 At tumor’s level we now know of three distinct phases 
that a solid tumor follows in its lifetime. These are the 
avascular, the vascular and the metastatic phases. On the 
other hand, at tumor cell’s level three more zones are 
recognized [1]-[2]. These are the proliferative, the hypoxic 
(or quiescent) and the necrotic zones, as shown in Fig.1A. 
 At the proliferative zone, which is the outer zone of the 
tumor, the tumor cells interact with their surrounding 
environment to reach necessary nutrients, such as oxygen 
and glucose, in order to satisfy their energy needs. These 
energy resources are not unlimited though. This means that 
there is a moment where oxygen level is below a critical 
threshold. That time cells suffer from hypoxia and a second 
zone is created, called hypoxic (or quiescent) zone. Similarly 
the glucose levels are continuously decreasing which leads 
to local hypoglycemia. In combination with low level of 
oxygen, tumor cells start to starve. This condition forces 
cells to death, which results to the formation of the necrotic 
core, or the necrotic zone. 
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Fig. 1 - A: The formation of the three zones in a solid tumor as it grows. B: 
The Warburg effect showing that glycolysis in cancer cells is activated even 
when enough oxygen is present (aerobic glycolysis) [3]-[4]. 
 

Current studies focus on the biological processes that a 
solid tumor adopts in order to grow. In-silico cancer 
modeling is a research field that promises to assist such 
research efforts. The synergy of biology, mathematics and 
computing,  but also the fact that a vast amount of patients’ 
data is available now, allows scientists to build such models 
that can accurately predict the tumor’s progressive behavior 
and most important reveal its future metastatic trends. 

Among the biological mechanisms that a solid tumor 
initiates in order to gain the necessary energy is the 
glycolysis process. Glycolysis (break down of blood 
glucose) is the first half of the cellular respiration pathway. 
The second half is the oxidative phosphorylation (OXPHOS) 
that takes place in the mitochondrial of the cancer cells. 
Glycolysis provides only 2 molecules of ATP (energy 
molecules) while OXPHOS 36 molecules. OXPHOS though 
starts only if enough amount of oxygen is present. 

What is so important with the glycolysis in cancer cells, 
then? 

In 1956 Otto Warburg, a biologist and researcher, noticed 
that, even if enough oxygen is provided to the tumor, there 
are many cancer cells that ‘prefer’ the glycolysis pathway 
for their energy needs rather than that of the OXPHOS, 
resulting to high production of lactate (lactate fermentation), 
as shown in Fig.1B [5]. He supposed that this effect was 
possibly due to the fact that the mitochondria of the cancer 
cells have been deactivated or destroyed. This discovery is 
now known as the Warburg effect and since 1956 quite 
significant research has been done to understand this unusual 
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behavior of the tumor. Towards this direction enzyme 
kinetics were also developed and utilized [6]. 

Based on the fact that the glycolysis effect directly affects 
the nutrients supply and consumption inside and outside the 
tumor, we aim to study the glycolytic potential of the tumor 
cells, in each one of the three zones (proliferative, hypoxic, 
necrotic). The final objective is to develop a new in-silico 
model, which will improve our ability to predict the growth 
of solid tumors. 

II. MATERIALS AND METHODS 

A. Materials 
The initial (i.e. at 0=t ) tumor’s size (radius) is taken 

1cm = 10mm (5mm for the necrotic zone, plus 3mm for 
hypoxic zone and 2mm for the external proliferative zone), 
which corresponds to a clinically detectable size.  

The initial values of the nutrients concentrations 
( vasO , vasG , exL ), the oxygen’s and glucose’s maximum 

concentrations ( vasKO , vasKG ), the extracellular lactate’s 

consumption rate ( exVL ), the oxygen’s and glucose’s 

maximum uptake rates ( vasVO , vasVG ) , the cells’ 

population carrying capacity ( mK ), the proliferation rate 
( ρ ) and the cells’ transition rates to hypoxic and necrotic 

zones ( )(ραΗ , )(ραΝ ) used in the model are obtained 
from related literature [7]-[16]. Furthermore, the initial cell 
populations per zone are as follows: 8

0 10=P , 7
0 108 ×=H , 

7
0 1025.5 ×=N for the proliferative, hypoxic and necrotic 

zone respectively.  
 

B. Methods 
Since our model embeds the glycolytic potential of the 

cancer cells in each tumor zone, it is significant to accurately 
define this term. Glycolytic potential (denoted as potG ) 
describes the ability of the cancer cells to reach and consume 
significant nutrients that are diffused to their environment, 
either by the vasculature system, which surrounds the tumor 
(such as oxygen, glucose), or by the cells themselves as 
products of intracellular biological processes (lactate 
produced from glycolysis).  

As it is understood, the production, diffusion and 
consumption of these nutrients play a very important role in 
our model. Based on this fact the well known from 
chemistry and biology diffusion-reaction equation must be 
adopted [17]. This equation is generally described as the: 

  
(rate of change of nutrient concentration) =  

(flux due to diffusion) − (rate of nutrient consumption)  

 A common practice when designing a mathematical 
model is to consider specific biological assumptions that can 
be described by mathematical differential equations.  This is 
done in order to create a simple and understandable model. 

Following this common rule we defined the biological 
assumptions for our model, based on the Fig. 2. 

 

 
Fig. 2: The intracellular and extracellular diffusion-consumption of oxygen, 
glucose and lactate and their relation to glycolysis, OXPHOS, pH 
regulation, hypoxia and necrosis of the cell. 
 

According to Fig.1A and Fig.2 the following assumptions 
are considered: 
 
Proliferative zone assumptions 
 
- The proliferation zone is increasing due to the increased 

cell proliferation rate. 
- Oxygen and glucose are diffused from capillaries nearby. 
- Lactate as a product of glycolysis is diffused to the 

extracellular area of the tumor. 
- Only oxygen and lactate are consumed. Glucose is 

“borrowed” to hypoxic cells by the proliferative cells 
according to [18]. 

- Some proliferative cells become hypoxic due to their 
difficulty to reach oxygen supplies. This means that the 
rate of cell proliferation is gradually decreasing and the 
zone reaches its maximum. 
The mathematical formulation of the assumptions above is 

shown in (1) and (2). 
 

                 
( ) ( ( )) ( ) ( )P

pot
dP t f P t G t P t

dt
= − ⋅                 (1)  

                                                               
2( )( ) ( ) ( ) ( ) ( )

( )
P vas vas
pot vas ex ex

vas vas

VO O tG t O t L t VL P t a
KO O t

ρΗ

⎛ ⎞
= + − ⋅ ⋅⎜ ⎟+⎝ ⎠

     (2) 

 
Equation (1) generally describes the proliferative cell 

population change with respect to the glycolytic potential of 
the cells in this zone. It contains two terms, the ))(( tPf  

and ( ) ( )P
potG t P t⋅ . The factor ))(( tPf  is described by the 

second order polynomial equation. Equation (2) describes 
the glycolytic potential of the cells in this zone witch is a 



  

function of oxygen and lactate diffusion and consumptions.   
The concentrations of oxygen, glucose and lactate, which 
vary in time ( )(tOvas , )(tGvas , )(tLex ) in (2) and (4) 
below are estimated from the respective diffusion-reaction 
equations applied. 

 
Hypoxic (or Quiescent) zone assumptions 
 
- There is no proliferation in this zone. 
- It is characterized by increased glycolysis, so only glucose 

consumption, “borrowed” from proliferative cells, is 
actually observed. 

- Lactate production is increased due to increased glycolysis. 
Lactate then escapes to the proliferation zone as [18] 
supports. 

- This zone is gradually increasing due to the conversion of 
proliferative cells to hypoxic cells because of oxygen 
inadequacy. 

- But also is gradually decreasing due to the conversion of 
hypoxic cells to necrotic because of glucose inadequacy. 
As before, the mathematics behind these assumptions are 

presented in (3) and (4). Equation (3) shows the hypoxic cell 
population change. Equation (4) describes the second term 
of (3), which shows that the glycolytic potential in the 
hypoxic region is actually based only on glucose diffusion 
and consumption. The first term has been already explained 
before in (2). 
 
                     ( ) ( ) ( ) ( ) ( )P H

pot pot
dH t G t P t G t H t

dt
= ⋅ − ⋅                (3) 

  

  ( )( ) ( ) ( ) ( )
( )

H vas vas
pot vas
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VG G tG t G t H t a
KG G t
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       (4) 

 
Necrotic zone assumptions 
 
- Again as in hypoxic zone there is no proliferation of cells. 
- There is no nutrients consumption but only nutrients 

diffusion. 
- The zone is increasing due to conversion (or apoptosis) of 

hypoxic cells to necrotic because of glucose inadequacy. 
The mathematical formula which describes the necrotic 

cell population change is shown in (5). 
 

                                 
( ) ( ) ( )H

pot
dN t G t H t

dt
= ⋅                  (5) 

 
The novelty of this model is based on: a) the glycolytic 

behavior of each cancer zone, b) the glycolytic potential of 
each cancer cell and its influence on the growth of the zone 
it belongs and c) the interaction between the three zones due 
to the transition of the cancer cells from one zone to another. 

  
The compartmental equations of the proposed model along 

with its solution have been numerically approximated by 
means of a finite difference method, namely Forward Euler.  

III. EXPERIMENTAL RESULTS 
The model was tested for its ability to predict the tumor’s 

growth (expressed in cell population change) within each 
zone. For this purpose three different proliferation rates )(ρ  
were considered, which are 0.12/day, 1.0/day and 5.2/day as 
proposed in related literature [7]. The simulation time was 1 
year (or 360 days). The testing procedure, the parameter 
selected and the simulation results were according to 
medical standards and approved by clinical experts. 

 

 

 
 

Fig. 3: Solid tumor’s growth within each zone for a time period of 360 days 
under three different proliferation rates. Symbols for zones - P: 
proliferative, H: Hypoxic, N: Necrotic. A: Tumor’s growth at 

5.2 / dayρ = . B: Tumor’s growth at 1.0 / dayρ = . C: Tumor’s growth 
at 0.12 / dayρ = . 

A

B

C



  

IV. DISCUSSION 
Observing Fig.3A we can easily notice that when the 

proliferation rate ρ  reaches the highest value of 5.2, the 
proliferative and hypoxic zones are increasing with certain 
growth rates. After a time period of 30 days however, the 
proliferative zone starts to decrease due to transition of its 
cells to the hypoxic zone because of the insufficient sources 
of oxygen and lactate. This fact inevitably leads to the 
increase of the hypoxic cell population that continues to 
increase until the 70th day. From this point on until the 180th 
day the hypoxic zone is decreasing due to the lack of 
sufficient amount of glucose and the decreased rate of 
glycolysis. As far as the necrotic zone concerns, we can 
notice that there is a rapid growth until the 180th day due to 
the quick depletion of oxygen and glucose within the other 
two zones. After that day, it appears that the necrotic zone 
reaches its limit, which means that there is no further 
significant growth. This is the time when the entire tumor 
reaches its steady state. 

In Fig. 3B, we present a similar tumor’s growth pattern. 
The proliferation rate is now lower (1.0) and we notice that 
again the proliferation zone is growing until it reaches an 
upper limit, but this time at a longer time period of 80 days. 
This is expected due to lower proliferation rate. 
Furthermore, both hypoxic and necrotic zones follow almost 
the same smooth growth pattern until the end of the year (i.e. 
at 360 days), while the proliferative cell population is 
constantly decreasing. 

Finally Fig. 3C presents the case of a proliferation rate 
even lower (0.12). We observe that both the proliferative and 
hypoxic zones do not change dramatically, because the 
transition of proliferative cells to the hypoxic zone happens 
in a much slower rate. Accordingly, the necrotic zone 
remains almost unchanged, implying that at the end of the 
first year the nutrient supplies have not yet been exhausted. 

V. CONCLUSIONS 
Since 1956 where Warburg effect was documented, 

glycolysis has been considered as one of the metabolic 
pathways with great influence on tumor’s behaviour.  

The present study examines the impact of glycolysis on a 
developed (1 cm radius) solid tumor growth. This is 
achieved with the implementation and testing of an in-silico 
model, which embeds the glycolytic potential of tumor cells 
in each one of the three different zones. We demonstrate that 
glycolysis is directly related to the diffusion-consumption of 
nutrients that in turns greatly affects tumor’s growth 
behaviour. This is justified from the fact that the model 
adopts the Warburg and the Pasteur effects and the recent 
Sonveaux et al observation [18]. Our study further explores 
the effects of glycolysis in different stages of cancer, with an 
aim to contributing towards personalised medicine. 
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